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This appendix provides additional details on the proof of Theorem 1 in the main body of the
paper. We first fully describe the model to which Theorem 1 refers. Second, we derive the conditions
for an equilibrium. Third, we use the conditions for an equilibrium to derive a set of steady-state
conditions. Finally, we provide all the intermediate steps omitted from the main body of the paper to
derive Equation 22 and Equation 28 in the paper, respectively transcribed as equations 50 and 70 in

this appendix.

1 The MFP model

In period s, the representative household consumes Cy, supplies labor L, chooses next period’s capital
for the machinery sector, Kjss.1, and for the non-machinery sector, Ky,.1, as well as the borrowing

level, By, so as to maximize the intertemporal utility function

o0

ma B |5 (- o€ a0 - 2w )™)] 1)

Cs,Is,KNs+1,KMms+1,Bs 1+ x

s=t
The term BS denotes the household’s time-varying discount factor, while 1 parameterizes external habit
persistence in consumption. The parameter y governs the household’s labor supply elasticity, while

X, governs hours worked in the steady state. The household is subject to the labor supply shock V,

which evolves according to an auto-regressive process

log (Vi) = py log (Vs_1) + evs, (2)

where log denotes the natural logarithm, p;, is the parameter governing the persistence of the auto-

regressive process and ey, is a stochastic innovation drawn from a Normal distribution with standard



L TI:2)_, B., with 8, evolving according

deviation o,,. In turn, the discount factor is defined as 3, = Erunl § S

to another auto-regressive process

Bt_ﬁzpﬁ(ﬁt_ﬁ>+€ﬁt’ (3)

For the process above, pg is the persistence parameter, €y is a stochastic innovation drawn from a
Normal distribution with standard deviation o, and 3 is the steady-state discount factor.

The household optimization problem is subject to the budget constraint
WsLs + RMSKMS + RNSKNS + ps—lBs—l = PCsCs + PIsIs + 387 (4)

where Wy is the wage rate, Rys and Rys, are the rental rates for K, and Ky, repectively, and p, is
the gross interest rate paid on previous period’s borrowing. On the right-hand side of the constraint,
Pey is the price of final consumption goods and Py is the price of final investment goods, I,. The

optimization problem is also subject to the law of motion for the accumulation of capital

v I 2
Kysir+ Knst1 =1 —0p)Kps + (1 — 0n)Kns + 1 — 515 (I— — 1) ; (5)
s—1

where d,; and 0 are the depreciation rates for Kj;, and Ky, respectively, andv parameterizes the
adjustment costs for investment.
In each sector, perfectly competitive firms minimize production costs to meet demand subject to

the technology constraint as reflected in the following Lagrangian problems:

min RMSKMS + WSLMS + PMS(YMS - KJ(\XJA;I (AMSLMS)I_QM)a (6)
Knrs,Lvis,Pus

min  RoKns + WiLns + Prs(Ys — K3 (AnoLys)' ™), (7)
KNS7LN87PNS

where a,; and ay denote the capital intensities in the production of M and N goods, respectively.

The sectoral productivity levels A,;, and Ay,evolve according to the following stochastic processes:
AMs = AMs—l + €ps + €as, (8)

AMs = AMs—l + €4s, (9>

where €/, is a stochastic innovation, drawn from a Normal distribution with standard deviation oy,

that is specific to productivty in sector M, and where €4, is a stochastic innovation, drawn from a



Normal distribution with standard deviation o 4, that is common to productivity in sectors M and N
(i.e., sector-neutral).

Competitive final producers repackage the intermediate inputs to produce consumption and invest-
ment goods. Consumption producers minimize the cost of producing a desired level of consumption
goods, split between private consumption Cy and government consumption G¢y, by solving the follow-

ing Lagrangian problem:

min PNSYNCS + PMSYMCS - PCS [YﬁgSYAZ_C'iNC - (Cs + GCS)] ) (10)

Yrves,Ynes.Pos
where a ¢ governs the intensity of N-sector goods in the production of final consumption goods. In

turn, government consumption follows a simple auto-regressive process:

Ges = pacGos + €aos, (11)

where the parameter p,~ governs the persistence of the shock process, and where e;¢; is a stochastic
innovation drawn from Normal distribution with standard deviations og¢. Investment producers solve

the analogous problem:

min P Yarrs + PnsYars — Prs [YﬁﬁIYAZ}?NI — L], (12)

Ymrs:Ynris,Prs
with ay; governing the intensity of N-sector goods in the production of final investment goods.
In addition to satisfying the first-order conditions for the optimization problems of households and
firms, an equilibrium in the model has no borrowing (i.e., B; = 0Vs), and is such that all factor markets

and product markets clear. Accordingly,

Yus = Yues + Yurs, (13)
Yns = Ynos + Yrs, (14)
Ls :LM5+LNS~ (15)

2 Necessary Conditions for an equilibrium

From the household’s side, let A¢s be the Lagrange multiplier on the budget constraint and Ay, be

the Lagrange multiplier on the capital accumulation equation.
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From R

Aos+10sEsRyst1 + Ais — EsAks+18,(1 —on) = 0.

From 0
o OK prs41

>\Cs+lﬁsEsRMs+1 + )\Ks - Es>\Ks+lﬁs(1 - 5M) =0. (19)

o
From 35 = 0

_)\CS + ﬁEs)\C's-‘rlps = 0.

(20)
)
From 3L

—XoLZVs + AcsWs = 0. (21)

0
From WKS

Kysi1+ Knse1 = (1 —0p) Kpgs + (1 — 0n) Ky + L. (22)

0
From a)\—cé

WsLs + RMSKMS + RNSKNS + ps—lBs—l = PCsCs + PIsIs + Bs

(23)

From the firms’ problem using --2— = 0, we get Rps — PMsaMKffj_l (AMLMS)l_aM = 0, and

0K M

rearranging

YMs o

Ryrs — P =
M MaMKMS

0. (24)
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From L = 0, we get Wy — Pus (1 — ang) K3 (AnrLars)” ™ Ay = 0 and rearranging

Wy — Py (1 — ang) Z/Z = 0. (25)
From %MS =0

Yars — Ko (ApLags)' ™. (26)
From %NS =0, we get Ry, — PNsozNKﬁ/sV_l (ANLNS)l_O‘N = 0 and rearranging

Rys — Pysoy ;va =0. (27)
From %NS =0, we get Wy — Pys (1 — an) K3 (AnLns) ™Y Ay = 0 and rearranging

W, — Py, (1 —ay) zf; =0. (28)
From aPLNS =0

Vs — KoV (AnLys)' ™ (29)

Next, consider the cost minimization problems for the final producers.

ParsYuios — Pos (YNSSY i oNe — Cy — Ges) -
0

From Vo, = 0
Cs + Ges
Pns — PC'saNC'% =0
NC's

and rearranging
Py
YNCS = ONC (Cs + GCS) P—C
Ns

o
From Varos = 0

PCS

Yues = (1 — ane) (Cs + Ges) P

Combining conditions 30and 31 with the C, + Gy = YadC Y, oNe,

MYy o, Ynes,Pos PNSYNCS +



Fes
PNs

Fes

Cs + GCS - (aNC (Cs + GCS) PM

)" (a-ane) €+ G

1 anc 1 l-anc
Cs+GCs - (CS+GCS) PCS (aNC' ) ((1 _aNC') )
1

1 anc l-anc
1= P, 1—
C (OéNOPNS) (( OéNC) PMs)

( Pu. )aNc ( Pass ) l-anc
P, = M .
anc 1 —anc

0

FI'OIIl aY—IVIs = O
Prs
Ynis = ang (Is + Grs) PI .
Ns
o _
FI'OIIl 8Y—M15 = O
Prs
Yurs = (1 —anr) (Is + Grs) P—I
Ms

And analogously to Pgg, derived above, Py, is given by

P any P . l—ans
r-() ()
QN 1 —ans

In addition to these first-order conditions, the labor market and product markets must clear:

Ls = LMs + LN37

Yus = Yues + Yurs,
Yns = Yncos + Yis.

Finally, choose units by setting

and include all the stochastic processes described in the previous section:

log (Vi) = py log (Vs_1) + evs,

) l—anc

(32)

(33)

(37)



Anrs = Amrs—1 + €nrs + €5,
AMS - AMs—l + €s,
Ges = pacGos + €aos,

G1s = pgrGrs + €ais.

3  Derivation of some steady-state restrictions

Equation )

Work on % = 0, from which we had
Ns

Aest1BEsRnsi1 + Axs — EsAkst18(1 —oy) = 0.

From & — Aoy Pos = 0,

Cs
1
— = Ac.
p.C ¢
Furthermore, with —AosPrs = Ak, which can be expressed as — Pg isc = A\g one obtains:
RN P[ PI
— 1—46y)=0.
9 5c " Boe TPt o)
Equation IT)
Combining aKLNS =0 and aKLMS =0

Aos+1BEsRnst1 + Aks — EsAkst18(1 —on) =0,

Aos+1BEsRars+1 + Axs — EsAks+18(1 — dp) = 0.

Turn to steady state and divide by A¢ to obtain:

B Ak Ak
BRy = o + A05(1 on).
A A
Ac Ao



Collecting terms

BRy — i—g (—1 4 B(1— b)),

A
BRy = )\—K (=1+B8(1—dum))-
c
Dividing the two

Ry _ 1—-8(1—6n)
Ry 1-B(1—06nm)

Equation IIT)

From the firms’ problem, using 8K8M- =0
Yu
Ry =P, —.
M MOM K

Equation IV)

From the firms’ problem, using 8%% =0

W—PM(I—QM)Z/—Z.
Equation V)
From the firms’ problem, using 8%% =0
Ry = PNCMN%.
Equation VI)
From the firms’ problem, using 8L8MS =0

Y;
W:PN(]_—QN)%.

Equation VII)
Using the production technology for sector M,

Yir = K& (AyLag) oM

Equation VIII)



Using the production technology for sectory NV,
Yy = KN (AyLy)' 7oY.

Equation IX)

From the problem of final consumption producers,

Equation X)

From the problem of final consumption producers,

P i anc P . l—anc
(o) ()
anc 1 —anc

Equation XI)

From the problem of final investment producers,

iy

Ynis = OélesP
Ns

Equation XII)

P aNT P l—ans
P[ _ ( Ns) ( Ms ) '
QN 1 —ang

Equation XIIT)

From market clearing
Ly + Ly = L.

Equation XIV)

From market clearing

Yy =Yue + Yur.
Equation XV)

Yy = Yne + Y.



Equation XVI)
Using the capital accumulation equation, Kys11+ Knsy1 = (1 — 7)) Kprs + (1 — dn) Kns + I, with

complete specialization
oKy +onvKy =1.
Equation XVII)
P = B
Equation XVIII)
—XoLX + AcW = 0.

Equation XIX)

Normalizing units:

4  Proof of Theorem 1: Part 1, The Long-Run Response of Relative Prices

Combining equations X) and XIX)

1 anc P l—anc
r-(on) (5)
anc 1 —anc

Combining equations XII) and XIX)

1 any P l-anr
r-(an) ()
QanT 1—anr

From I), multiplying both sides by PcC

BRN — Pr+ BP(1—0n) =0, (38)

10



and rearranging

1

Ry = Pp (B—(l—éN)).

Combing the equation above with II) g—g = %.
Ry 1-p(1—dy)
Ry 1—-B(1—0dum)
1 1 - B(1—d)
—Pr(1-58(1-6n)) = Ry,
e (e

RM:PI(%—(I—(SM)).

Solve VII) for Ky,

1

Y; an
e ()
(Am L)

and substitute it into III) to yield:

Y,
Ry = Pyagy il T

( Y ) anr
(AarLag)t—oM

which simplifies to

1

( Y )W
(ApLy)' M —a Py
— M )
Yu Ry
l—apr
anr

— Ty — M
(AMLM)lazv;w Ry

11



Y, Py \ ™=
M — AM <QM_M) M . (42)

Analogously from V) and VIII), we obtain:

XN

Yv Py 7o~
In An (OéN RN) . (43)

Next, combine IV) and VI) to yield:

Pu _ (L-ax) Yo Lu (14)

PN (l—aM)LNYM

Substituting equations 42, and 43 into equation 44, one can solve for 1}';_% in terms of parameters and

the levels of sector-specific technology A, and Ay:

AN
l—apn
A ___Pn
Py (1—-ay) N (CVNPI(%—( —5N))) (15)
PN—(I_aM) P 11ij.
_ Pu
Au (aMéPI(l—ﬁ(l—&w)))
. Py \ VI P 1-anr
But remembering that P; = (—N) (%)
aNT anNT
AN
l—apn
An | an = By
Py _ (1-ay) < (w20) ™ ()™ (3-0-ow) (46)
Py (1—ay) I7Ey
A a _ Py _
M< M%<%> NI<17P£11\U>1 NI(1_5(1—5M)))
AN
(P_N)lfam T—ay
An | an = Dl
Py (1-an) < (ax) ™ Gmtg) T (3-0-0w)
Py M (47)
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T-ay (17Qk0(1}QNY)3?4(1*§NJQNIQM
A - 1 — P_N 1—an)(1—aps
Py (—aw) G ) 0w
Py (1-ow) L
Ap AM 7T NanT ] 11 NI
E(“NI) (FQNI) (1=B(1-0r))
(49)
(1—an)(1-apr)
];_M _ (’(/)j—N) (1—an)(1—ap)+(1—ap)(A-anr)any+(1-an)anray . where (50)
N M

AN

1

l-ay
a @ —
(1 — QN) ( " (‘Tﬁn) NI<1*;NI>1 NI([lj‘_(l_éN)))

XM

(1—an) o
1
()

aNT l-—anr

P =

Thus, equiproportionate changes in technology in the two production sectors M and N will not affect

relative prices. Variation in relative prices at the sectoral level is a precondition for variation in relative

prices at the level of final goods. Thus, the result derived here extends to the model in the main body

of the paper with incomplete sectoral specialization in the assembly of consumption and investment

goods, as reflected in the numerical simulations.

Proof of Theorem 1: Part 2, The Long-Run Response of Labor Productivity

Define labor productivity (at constant prices) as:

Yue + Y _ Yt L n Ynit Live
L Ly L Ly; L

(51)
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First work on obtalmng and YM in terms of parameters and the relative technology level, only.

Using V), Ry = PNaNK ,and 39, Ry = P; (— —(1- 5N)>, derive

Ky an Py

_ L (52)
o (3-asa)
To see this result start from:
Y Ry
Ky B Pyay
vy Pi(i-0-6w)
Ky B Pyay
and rearranging:
KN PNOéN
Yoo -6
And similarly, using III), and 40, one can obtain
K P
M MM (53)
Yv o op (— (1- 5M))
Y =P.C+ Pl
Define the saving rate as S = £ = L And define
Y = PyYy + PuYu
And from the resource constraints:
YN = YN[ + YNC (54)
Yir = Yur + Yuc (55)

But we can express Yy and the other inputs in terms of relative prices using the demand equations:

P
YN = OéNII + OANcC (56)
Py Py

14



Y, S 1-8

—}iv —aNI—PN + anc Pr ) (58)

Yy S 1-29)

M= 21—

v (1—anr) PM+( anc) P, (59)
KyYy Ky Yy

ON— —Pr+0yy——P; =

NYN % T+ MYM v 1 S

Substitute S from the third equation into the first two.

Yn Ky Yy Ky Y 1 Ky Yy Ky Yy 1
IN s (S 2NN p s B I ) | =Gy NN p 5 MM p )
% ouvz( NYLY T+ MYy 1) PN+aNc( Ny Y LT oMy 1) Pr (60)

Yy Ky Yy Ky Yy 1 Ky Yy Ky Yy
— =(1- ON——PFPr+6yy——P 1-— 1—9 — P —6yy——P
v ( aNI)(NYNY 1+ MYMY I)PMS+( aNC)( NYNY T MYMY 1)
(61)
Use the first equation above to solve for YTN
Y7N —any <5N%Y7NPI) PLNS + anc <5N§—§Y7NPI) # (62)
= ang (5MI;—L{%PI> ﬁ + anc (1 - 5M[;—AA;%PI) levs ;
K K Y,
[1 —ang (5NY_J]VVPI> P +anc <5NY—I§P1> p%%] e (63)
NI M Yur 1 Pns NC M Yur I Pns Y NC Pns 7
vy _ Lo (3w ) sk — awe (5urifePr) 5] %+ ool o
Y [1—0&1\/1 <5N§{,—]]\\;P[> P_1N+aN0 <5N§{/_]]\,VPI> P_IN]
Y
Re-write YTN as A%JFB. Working to simplify equation 61

% — (1 — OéN]) <5M§—IJZ%P]> Prr + (1 — OéNc) (5]\/1[;—5%P[> PLM

1
M
= (1 — OéN[) <5N%Y7NP[) PLMS + (1 — OéNc) (1 — 5N§—II\>]Y7NP[) % s

15



10 () - () ]
0= o) (3vA2R2) 2~ (= ne) (50 521) 2] 3 4 (- )
We already know that I;—ﬁ is a function of parameters and relative technology, as is every other term

in the equation above, except YTM Re-write % as

Yy, Y
pM _pv ., p
% v T

Y,
AM 4B
C

Substituting YTN = into the above

Yy AR+ B

Dy =bE—F—+F
and solving for Y;/V’
cpi M~k (AY7M " B) L CF,
Yy EB+CF
Y CD-EA
Substituting < T — % back into YN = AYT]ZJ’B

Yv _ AfpgatB

Y C ’

Yn  AEEER+ B ACF + BCD

Y C " C(CD—-EA)

Dividing YTN by % one can see that

Yy _ ACF + BCD
Yy  BCE + C2%F’

Yu

which is a function of parameters and relative technology only. Combining IV, W = Py, (1 — ayy) L,

VI, W = Py (1 — ay) 2, and XIII, one obtains

L )

LM PM(l—OéM) YM

- Y W R (65)
LM“—LN PM(]_—CEM)%—I—PN(:[—O(N)WN
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which further simplifies to

P
Ly _ (L -ow)p (66)
L (1—on)1;—%+(1—ozN)§—Z
And using the resource constraint Ly + Lj; = L one more time, one can see that
Y,
Ly _ U-owlyy (67)
L (1—aM)I;—Ix+(1—aN)§—Z
fM
Next work on {—ﬁ and on z/—x Combining equations 42, }L/—’]Z = Ay (aM }};M> "M and 40, Ry =
Pr (— —(1- 5M) yields:
1?]\/1
PM M
1_(1- 5M)> Py
l—anr
Using Py = ( ) (1 am)
XM
l—ap
Py
( 5 1 -0 )) Py M Py tmons (68)
B M (a_m) (m)
And similarly for Xt using 43 with equation 39
=
Yy Y Py "
— Ay
b \Gmaa)
e l—«
Using P = (:;NI) v <1P(§\C/INI) v again
an
l—an
Y; P,
N _ An AN N . (69)

b (5-=am) (2)™ () ™

Summing up, consider that YN +YN = }Lfﬁ Lg + 5 YN LN . Notice that from equations 68, 66, 69, and 67,

the terms EM , LLM , E—I’i and LTN are functions of parameters and relative as well as neutral technology.

Thus, labor productivity, w, will also be a function of the same terms. Notice also that Fisher

17
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defined aggregate labor productivity in terms of consumption units ( i.e., LBl + ﬁTN) rather

than at constant prices. Even under that alternative aggregation, labor productivity remains a log-

linear function of both shocks. Accordingly, taken together with YMizYN = Y Ly 4 }L/—NLTN, equations
N

Iy L
68, 66, 69, and 67 prove Theorem 1.

6 Complete specialization

If consumption is produced with only inputs from the N sector and investment is produced with only
input from the M sector, in other words, under complete specialization (ayc = 1,an; = 0), equations
50, derived in Section 4, and equations 68, 66, 69 and 67, derived in Section 5, simplify further.
Equation 50 becomes

AN

1 N
- - (O‘NW)
P_M — (wﬂ) . where ¢ = (1—an) B N
Py Ap (1 - aM) ( T—opy

Furthermore, labor productivity can be expressed as

Y, Y, Yyu L Yy L
Mt YN — M=M NN (70)
L Ly L Ly L

M

aym ey (1— o)
A ((1 —50 —5M>>) 0 o) 7 (1 —an)o

any Al—an an S%N (1 _ aN)¢
A (G i) T e e

1-8pr M
where ¢ = ( e (175276”’ ) ) This result can be seen from the fact that, in turn, equations 68, 66,
(1-8(1-6N))

69 and 67 simplify, respectively, to

M

Y P l1—a
Y oy <aMﬂ) v

Ly Ry

Lu . (=aw)

L (1—04M)—|—(1—04N)¢7
AN

YN PN l—an

N _A _V

Ln N (OéNRN) )
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(1—an)¢

(1 —OéM) + (1 —aN)gb'
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