Appendix to: Macroeconomic Effects of Banking Sector Losses across
Structural Models

Luca Guerrieri* Matteo Iacoviello Francisco Covas John C. Driscoll
Mohammad Jahan-Parvar Michael Kiley Albert Queralto Jae Sim

February 7, 2017

Contents

1 Matteo lacoviello: An Estimated model of Banks with Financing Frictions . . . . . . . ... .. 2
1.1 The Dynamic Model . . . . . . . . . . . . 3
1.1.1 Household Savers . . . . . . . . . . . . e 3
1.1.2 Household Borrowers . . . . . . . . . . . . .. 3
1.1.3 Bankers . . . . . . . . 4
1.1.4 Emntrepreneurs . . . . . . . . . . . e e e e e e e e e e e e )
1.1.5 Equilibrium . . . . . ..o 6
1.1.6  Shocks . . . . . . e 7
1.2 Calibration . . . . . . . . . e 8
2 Francisco Covas and John Driscoll: A Nonlinear Model of Borrowing Constraints . . . . . . . . 10
2.1 Introduction . . . . . . . . . . . e 10
2.2 The Model . . . . . . . e 10
2.2.1 Workers . . . . . . L e e e 10
2.2.2 Entrepreneurs . . . . . . ... oo e e e e e 11
2.2.3 Bankers . . . . ... e e e 12
Banker’s capital constraint. . . . . . ... ... o L 14
Banker’s first-order conditions. . . . . . .. .. Lo Lo Lo 14
2.2.4  Corporate Sector . . . . . . . . . e e e e 14
2.2.5 Equilibrium . . . . .. e e 15
2.3 Calibration . . . . . . . . . e e 15
2.3.1 Workers’ and entrepreneurs’ problems. . . . . . . . ... 17
2.3.2 Bankers’ Problem. . . . . . .. ... ... e 17
2.4 Solution Techniques . . . . . . . . . . . . e 19
2.4.1 Numerical Solution . . . . . . . . . . . ... 19
2.4.2 Transitional Dynamics . . . . . . . . ... L o 19
2.4.3 Markov Chains . . . . . . . . . . e 20

3 Michael Kiley and Jae Sim: Intermediary Leverage, Macroeconomic Dynamics and Macropru-
dential Policy . . . . . . . . . 21
3.1 Model Without Pigovian Tax . . . . . . . . . . ... . . 21

*At the time of writing, all authors were Economists at the Federal Reserve Board. Francisco Covas
is now at The Clearing House Association and all other authors are still at the Federal Reserve Board.
Corresponding author:matteo.iacoviello@frb.gov



3.1.1 The Financial Intermediary Sector . . . . . . . . . .. . . ... ... ... ..... 21

3.1.2 Debt Contract . . . . . . . . . . . . e 21
3.1.3 Intermediary Equity Finance. . . . . . . . . .. ... . o oo 22
3.1.4 Value Maximization . . . . . . . . . . . . 22
3.1.5 The Rest of the Economy . . . . .. ... ... ... .. 23
3.1.6 Production and Investment . . . . . .. ... ... ... ... ... ... ..., 23
3.1.7 Households . . . . . . . . . e 24

3.1.8 Nominal Rigidity and Monetary Policy . . . . . . . ... .. .. ... ... ..... 24
3.1.9 Fiscal Policy. . . . . . . . . e 25

3.2 Pigovian Tax . . . . . . . Lo e 25
3.3 Calibration/Estimation of Key Parameters. . . . . . . ... ... ... ... ........ 26
4 Albert Queralto: Banks and Outside Equity . . . . . . .. ... ... ... ... ... ...... 28
4.1 Model Setup . . . .. L e 28
4.1.1 Households . . . . . . . . . e 28
4.1.2 Nonfinancial Firms . . . . . . . . .. . .. e 28
4.1.3 Goods Producers . . . . . . . . .. e 28
4.1.4 Capital Producers . . . . . . . . e 29
4.1.5 Banks . . . .. e 29

4.2 Equilibrium Conditions . . . . . . . . . . . . e e 31
4.3 Calibration . . . . . . . . . e e e 31

5 Luca Guerrieri and Mohammad Jahan-Parvar: Capital Shortfalls in a Two-Sector Production

Economy . . . . . . . 34
5.1 Asset pricing in a basic RBC model . . .. . ... .. .. ... .. .. .. .. 34
5.1.1 Production . . . . . . . . . . . e e 34
5.1.2 Households . . . . . . . . . . e 37
5.1.3 Capital-producing firms . . . . . . . . ... L e 37
5.1.4 Necessary conditions for an equilibrium . . . . . . ... .. ... 37

5.2 Introducing financial constraints following Gertler and Karadi (2011) . . . . . . . ... .. 38
5.2.1 Households . . . . . . . . . . 39
5.2.2 Banks . . ... 39

5.3 Introducing transfer shocks between banks and households . . . . . . . .. ... ... ... 44
5.3.1 Banks . . . ... 44

5.4 Introducing Heterogenous Firms . . . . . . . . . . .. .. ... .. ... ... 49
5.4.1 Households . . . . . . . . . . . e e 49
5.4.2 Output-Producing Firms . . . . . . . .. .. o 50

5.4.3 Capital-producing firms . . . . . . . . ... L e 52
5.4.4 Banks . . . .. 52

5.5 Introducing Nominal Rigidities . . . . . . . . . . . .. ... o 53
5.6 Calibration . . . . . . . . . e e 58

1. Matteo lacoviello: An Estimated model of Banks with Financing Frictions

This appendix contains the complete set of equations for the model described in Section 3 of the pa-
per “Macroeconomic Effects of Banking Sector Losses across Structural Models.” The material borrows
heavily on the technical appendix of the paper “Financial Business Cycles”, described in Iacoviello (2015).



1.1. The Dynamic Model
1.1.1. Household Savers

Savers (denoted with subscript p) choose consumption C, housing H and hours N to solve:

maxz B (Apt (1 —n)log (Cry — nCri—1) + jAjtApilog Het + 7log (1 — Npy))

=0
subject to:
Ky
Cuy+ A + D+ q (Hugy — He—1) + ack g + acpmy
,t
1—90kn
= (RM,tZKH,t + Tt> Kpi—1+ Rai—1Di—1 + W Nuy (1.1)
N

where the adjustment costs take the following form

b (Kai — Kii1)?

CKHt = B K
_ ¢pu (D — Dy_1)?
aCpHt = B D

and the depreciation function is

Skre = Okm +brm (0.5¢ 2k, + (1= ) zxcme + (0.5¢ — 1))

where ¢}y = 1515}1 is a parameter measuring the curvature of the utilization rate function. (g = 0 implies

¢’y = 0; (5 approaching 1 implies (’; approaches infinity and & i 7, stays constant. by = i +1—0xn
and implies a unitary steady state utilization rate. ac measures a quadratic adjustment cost for changing
the quantity ¢ between time ¢ and time ¢ + 1. The adjustment cost is external. Habits are external too.

The household problem yields, denoting with ucpy; = % and ugpg,; = % the marginal
utilities of consumption and housing. ' ' ’

dacpm

ucry | 1+ —F575—=— | = BuRuucHi+1 (1.2)
oDy
TH
Wh.tu = 1.3
HAUCHE = T Nita (1.3)
1 8acKHt> < 1 —0KH+1

ucat | 1+ ") =By | Bmt+12KHt4+1 + ———— | UCH,t+1 1.4
AK,t ( aKH,t " - - AK,t+1 * ( )

QucHt = UHH + BHQ+1UCH 14+1
!
Ry =0 (2kmt)

where A ; is an investment shock, A, ; is a consumption preference shock, A, ; is a housing demand
shock.

1.1.2. Household Borrowers

They solve



maxz B (Apt (1 —n)log (Cst — nCs4—1) + jA;j+Apilog Hg s + 7log (1 — Ngy))
t=0
subject to
Csi+q(Hst— Hs¢—1)+ Rst—1Lst—1 —ems +acssy = Lst + WsNgy (1.7)

and to

%H&t _5H,t (18)
Rg

)

Ls; <pgLsi—1+ (1 —pg) msAnmy

where e is the borrower repayment shock, A, is a loan-to-value ratio shock. The adjustment cost is

Lgt—Lgi1)?
acsst = ¢;S( it s i-1) .

.. . . A jA; A
The first order conditions are, denoting with ucs; = Cgi and ups; = jjprt

consumption and housing; and with Ag;ucs; the (normélized) multiplier on the borrowing constraint:

the marginal utilities of

dacss
1- L st ) ucs: = Bg (Rst — pgAs.ir1) Uos.t41 (1.9)

OLsy

TS
W, = — 1.10
S,tUCS,t 1_ NS,t ( )
gt+1

<Qt —Ast (1 —pg) msAMH,t§> ucs,t = ugSt + Bsqir1u0s i1 (1.11)

1.1.3. Bankers

Bankers solve

max Y B log (Cpy —1Cpu-1)
t=0

subject to:
Ci+Rut—1Di—1+Lg+Lsi+acppi+acep+acspr = Di+RpLpi1+RsiLsi—1—cpt—esy (1.12)
where € is the entrepreneur repayment shock. The adjustment costs are

¢pp (D — Di_1)?

acCppt = B D
ern, — ¢pp (Lot — Lei 1)’
; =
’ 2 Lg
~ ¢sp (Lst — Lsi1)
CLCSBJ = B LS .

Denote €; = eg +€s¢. Let Ly = Lg + L. The banker’s constraint is a capital adequacy constraint of
the form:

(Lt = Dy — &) 2 pp (Lt—1 — Dy —€1-1) + (1 =) (1 = pp) (Lt — &)

bank equity bank assets

stating that bank equity (after losses) must exceed a fraction of bank assets, allowing for a partial
adjustment in bank capital given by pp. Such constraint can be rewritten as a leverage constraint of the
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form

Dy < pp(Di—1 — (Lgt—1+ Lst—1 — (egt—1 +€54-1))) +
(1-Q0 =71 =pp)) (Let+ Lst — (ept +es1)) (1.13)

The first order conditions to the banker’s problem imply, choosing D, Lg, Lg and letting A ;ucp
be the normalized multiplier on the borrowing constraint:

Odac
(1 — Ay — %) uct = Bp (RHt — PpABt+1) UCBt+1 (1.14)
t
aCLCEBﬂg
1= (yg(1=pp)+pp) Bt + 0Lp, ) Bt = Bp (REt+1 — pPpABt+1) UCB t+1 (1.15)
it
dacsp
(1 —(vs (1 =pp) +pp) At + 9L j) ucBy = B (Rst — PpAB,i+1) UCB,t+1 (1.16)

1.1.4. Entrepreneurs

Entrepreneurs obtain loans and produce goods (including capital). Entrepreneurs hire workers and de-
mand capital supplied by the household sector.

max » _ B log (Crr — nCr 1)

t=0
subject to:

Kg,
CE,t"‘K+QtHE7t+RE7tLE7t—1+WH,tNH7t+WS,tNS7t+RM,tZKH,tKH,t—1 (1.17)

it

1—-0KrE:
= YH-TKE,t—l +@Hp i 1+LEg:+cpt +ackp: + acge
it
and to
— 1—a— l1-0o l—-a—v)o

Y, = Az (K1) (zxcpaKp )0 Hy N o700 NG o) (1.18)

where Az, is a shock to total factor productivity. The adjustment costs are

bxp (Kpi—Kgi1)®

ACKEt =

2 Kg
_ ¢gp(Lps— Lpi 1)’
GCEEt = B Lo

Note that symmetrically to the household problem entrepreneurs are subject to an investment shock,
can adjust the capital utilization rate, and pay a quadratic capital adjustment cost. The depreciation
rate is governed by

Skt =0kE +brp (0.5¢p2%kp, + (1 - (g) 2xps + (0.5 — 1))

where setting bxp = i + 1 — §xr implies a unitary steady state utilization rate.
Entrepreneurs are subject to a borrowing/pay in advance constraint that acts as a wedge on the



capital and labor demand. The constraint is

Lgi=ppLlei—1+ (1 —pp)AvEs <mH R(];l 1HE‘,t +mrgKg; —myn (Wi N + WS,th,t)> . (1.19)
o

Letting ucp, be the marginal utility of consumption and Ag;ucg; the normalized borrowing con-
straint, the first order conditions for Ly, K and Hg are:

aCLCLE
1—Ag:+ Y ucks = Br (Regs1 — PEABi+1) UCE 141 (1.20)
OLE 4
Jack gt
1+ OKn, Aei (1= pp)mgAnves | uces = B (1 —0kEi+1 + R i+12KE,041) voE+1  (1.21)
p

q
<Qt — gy (1= pp) mu Ay = > ucget = Bpgir1 (1 + Ryii1) ucE i1 (1.22)

Rp i1
Additionally, these conditions can be combined with those of the “production arm” of the firm, giving;:
apnYy = Rg 12k p 1 Kp i1 (1.23)
a(l—p)Y:=Ruzrm i Kmi—1 (1.24)
vY; = RV,tQtHE,t—l ( )
(1 — o — I/) (1 — O') Y, = WH,tNH,t (1 + mNAMEt/\E,t) (1.26)
(I-—a—-v)oY,=Wg:Ns; (1 + myAvEAEL) (1.27)
Ry =0 (2xp,t) - (1.28)
1.1.5. Equilibrium

Market clearing is implied by Walras’s law by aggregating all the budget constraints. For housing, we
have the following market clearing condition

Hyi+ Hsi+ Hpr =1 (1.29)

The model dynamics (except for the stochastic properties of the exogenous shocks, described sepa-
rately below) are fully described by equations 1.1 to 1.29. These equations — together with the definition
of the depreciation rate functions and the adjustment cost functions given above — represent a dynamic
system in the following 29 endogenous variables:

e 14 quantities: Y Hrp Hy Hs Kg Ky Nyg Ng Cp Cg Cy Cs zxpg zkE
e 3 loans & deposits: Lgp Lg D

e 3 pricess ¢ Wy Wg

6 interest rates: Rx Ry Ry Rgp Rgs Ry

3 Lagrange multipliers: Ap As Ap .



1.1.6. Shocks

The shocks obey the following stochastic processes:

EEt

€Mt

log A;;
log Ax
log Ayie e
log Anr e
log Ap ¢
log Az,

PueEEt—1 T ups, up ~ N(0,0)

PohEH -1 + VHt, wh ~ N(0,0pp)

pjlog Aji—1+vje, uj~ N(0,0/)
prlog A -1+ vk, urg ~ N(0,0%)

Pmelog Ayg -1 +vmEs ume ~ N(0,0me)
P log Anrg—1 +varme, unm ~ N(0,0mn)
pplog Ap i1+ vps, up~ N(0,0p)
plogAzi1+v.s, u,~N(0,0;)



1.2. Calibration

Table 1: Calibrated Parameters for the Extended Model

Calibrated Parameter Value
Household-saver (HS) discount factor Br 0.9925
Household-borrower (HB) discount factor (g 0.94
Banker discount factor Bp 0.945
Entrepreneur (E) discount factor BE 0.94
Total capital share in production « 0.35
Loan—to—value ratio on housing, HB mg 0.9
Loan-to—value ratio on housing, E mmg 0.9
Loan—to—value ratio on capital, E mE 0.9
Wage bill paid in advance my 1
Liabilities to assets ratio for Banker YE, VS 0.9
Housing preference share J 0.075
Capital depreciation rates OkE, 0k 0.035
Labor Supply parameter T 2




Table 2.a: Estimated Structural Parameters

Estimated Parameter Value
Habit in Consumption n 0.46
D adj cost, Banks ¢opp 0.14
D adj cost, Household Saver (HS) ¢py  0.10
K adj. cost, Entrepreneurs (E) ¢xr 0.59
K adj. cost, Household Saver (HS) by 1.73
Loan to E adj cost, Banks opp 0.07
Loan to E adj cost, E ¢ope  0.06
Loan to HB adj cost, Banks pgp 047
Loan to HB adj cost, HH Borrower HB  ¢gg  0.37
Capital share of E I 0.46
Housing share of E v 0.04
Inertia in capital adequacy constraint PD 0.24
Inertia in E borrowing constraint PE 0.65
Inertia in HB borrowing constraint Ps 0.70
Wage share HB o 0.33
Curvature for utilization function E CE 0.42
Curvature for utilization function HS ¢y 0.38
Table 2.b: Estimated Shock Processes
Estimated Parameter Value
Autocorrelation E default shock Pre 0.932
Autocorrelation HB default shock Pbh 0.969
Autocorrelation housing demand shock  p; 0.992
Autocorrelation investment shock Pr 0.916
Autocorrelation LTV shock, E Prme 0.839
Autocorrelation LTV shock, HB Pmh 0.873
Autocorrelation preference shock Pp 0.994
Autocorrelation technology shock 0. 0.988
St.dev., Default shock, E Obe 0.0011
St.dev., Default shock, HB Obh 0.0013
St.dev., housing demand shock 0 0.0346
St.dev., investment shock ok 0.0081
St.dev., LTV shock, E Ome 0.0204
St.dev., LTV shock, HB Omh 0.0115
St.dev., preference shock op 0.0205
St.dev., technology shock 0, 0.0070




2. Francisco Covas and John Driscoll: A Nonlinear Model of Borrowing Constraints

2.1. Introduction

In this appendix, we describe the setup of the model by Covas and Driscoll included in “Macroeco-
nomic Effects of Banking Sector Losses Across Structural Models.” We construct a general equilibrium
model augmenting that of Aiyagari (1994) by having three types of agents that face uninsurable risks:
workers, entrepreneurs, and bankers. Workers supply labor to entrepreneurs and face labor productivity
shocks which dictate their earning potential. Entrepreneurs can invest in their own technology and face
investment risk shocks which determine their potential profitability. Bankers play the role of financial
intermediaries in this economy by accepting deposits from workers and making loans to entrepreneurs.
In addition, bankers can also invest in riskless securities. Bankers are subject to revenue shocks that
determine their potential profitability. An important feature of the banker’s problem is the presence of
occasionally binding capital and liquidity constraints.

2.2. The Model

The model includes three groups of agents: workers, entrepreneurs, and bankers. We describe the eco-
nomic problems faced by each group of agents below.

2.2.1. Workers

As in Aiyagari (1994) workers are heterogeneous with respect to wealth holdings and earnings ability.
Since there are idiosyncratic shocks, the variables of the model will differ across workers. To simplify
notation, we do not index the variables to indicate this cross-sectional variation. Let ¢}’ denote the
worker’s consumption in period ¢, d}’ denote the deposit holdings and a;’ denote the worker’s asset
holdings in the same period, and ¢; is a labor-efficiency process which follows a first-order Markov process.
Workers choose consumption to maximize expected lifetime utility

0
EO Z IBZ}U(C;U, diu+1)7
t=0

subject to the following budget constraint:
&+ dfy +adly =we + RPdY + Ral,

where 0 < 3, < 1 is the worker’s discount factor, w is the worker’s wage rate, and R” is the gross rate
on deposits and R is gross return on capital. We assume workers are subject to an ad-hoc borrowing
constraint; that is aj’,; > a, where @ < 0. The wage rate and the return on capital are determined in
general equilibrium such that labor and corporate capital markets clear in the steady state. Note that
we have introduced a demand for deposits by assuming that their holdings bring utility to the worker.
However, the deposit rate is assumed to be exogenous since, as described later, bankers take as given the
stock of deposits supplied by the workers.

Let v (e, x,,) be the optimal value function for a worker with earnings ability e and cash on hand
2,." The worker’s optimization problem can be specified in terms of the following dynamic programming

Because the worker’s problem is recursive, the subscript t is omitted in the current period, and a prime denotes the
value of the variables one period ahead.
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problem:

Uw(€7$w) = max U(Cw,déu) +5wE[’U(€/7$/w)|E]7 (21)

Cw,d},,ah,
U /
s.t. cy+dy + ay, = Ty,
zl, =we + RPd, + Rdl,
!/
w

> a.

The full list of parameters of the worker’s problem is shown at the top of Table 2.1.

2.2.2. Entrepreneurs

Entrepreneurs are also heterogeneous with respect to wealth holdings and productivity of the individual-
specific technology that they operate. Entrepreneurs choose consumption to maximize expected lifetime
utility

EO Z 5EU(C§),
t=0

where 0 < 3, < 1 is the entrepreneur’s discount factor. Each period, the entrepreneur can invest in an
individual-specific technology (risky investment), or invest its savings in securities. The risky technology
available to the entrepreneur is represented by

Yt = th(kta lt),

where z; denotes productivity, k; is the capital stock in the risky investment and I; is labor. This
investment is risky because the stock of capital is chosen before productivity is observed. The labor
input is chosen after observing productivity. The idiosyncratic productivity process follows a first-order
Markov process. As is standard, capital depreciates at a fixed rate 9.

In addition, the entrepreneur is allowed to borrow to finance consumption and the risky investment.
Let bY,; denote the amount borrowed by the entrepreneur and R* denote the gross rate on bank loans.
The loan rate is determined in general equilibrium. Borrowing is constrained, for reasons of moral hazard
and adverse selection that are not explicitly modeled, to be no more than a fraction of entrepreneurial
capital:

b§+1 Z —K kt-ﬁ-lv

where k represents the fraction of capital that can be pledged at the bank as collateral. Entrepreneurs
that are not borrowing to finance investment can save through a riskless security, denoted by s¢ with a
gross return R which will also be determined in general equilibrium.

Under this set of assumptions, the entrepreneur’s budget constraint is as follows:

C? + k:t-i-l + b§+1 + Slf—i—l = IIJ‘?,
2y = 21 f ket b)) + (L= lp)w + (1= 8)kygr + REVG + R 74,

where z{ denotes the entrepreneur’s period ¢ wealth. It should be noted that the entrepreneur can also
supply labor to the corporate sector or other entrepreneurial businesses.

Let v°(z,x.) be the optimal value function for an entrepreneur with productivity z and wealth z..2
The entrepreneur’s optimization problem can be specified in terms of the following dynamic programming

2Because the entrepreneur’s problem is recursive, the subscript ¢ is omitted in the current period, and we let the prime
denote the value of the variables one period ahead.

11



problem:
V() = max uled) + BBl 2], (22)
Ce, ,7 é’sé
st. cet+ Kk +sL+U, =,
o) =77, K;w) + (1 - 0)K + R, + RSS.,

[y

0>0b, > —kk,
s, =0,
K >0,

where (2, k'; w) represents the operating profits of the entrepreneur’s and incorporates the static opti-
mization labor choice. From the properties of the utility and production functions of the entrepreneur,
the optimal levels of consumption and the risky investment are always strictly positive. The constraints
that may be binding are the choices of bank loans, b.,, and security holdings, s.. The full list of parameters
of the entrepreneur’s problem is shown in the middle panel of Table 2.1.

2.2.3. Bankers

Bankers are heterogeneous with respect to wealth holdings, loan balances, deposit balances and produc-
tivity. Bankers choose consumption to maximize expected lifetime utility

EO Z /Bllt)u(c?%
t=0

where 0 < 8, < 1 is the banker’s discount factor.

Bankers hold two types of assets—risky loans (b) and riskless securities (s)—and fund those assets
with deposits (d) and equity (e). Loans can also be funded by short-selling securities—implying s can be
negative.

Each period, the banker chooses the amount of loans it makes to the entrepreneurs, denoted by byy1.
Loans, which are assumed to mature at a rate 6, yield both interest and noninterest income (the latter
arises, for example, from fees, which in practice are a substantial part of bank income). Banks may
differ in their ability to extract net revenue from loans due to (unmodeled) differences in their ability to
screen applicants or monitor borrowers, or in market power. For analytical convenience, we represent net
revenue in period t from the existing stock of loans b; as:

yp = (RY — ¢y)be + 01g(by),

where 6, denotes the idiosyncratic productivity of the bank, the function ¢g(b;) exhibits decreasing returns
to scale, and ¢ is the cost of operating the loan technology.

The banks also face adjustment costs in changing the quantity of loans, which allows us to capture
the relative illiquidity of such assets. The adjustment costs are parametrized by:

= 2
- v (b1 — 0b
U(byy1,0b;) = é <%> by,
t

where
-t - - -
Vi =V 1{bt+1>5bt} + v 1{bt+1<5bt}'

In our calibration, we will assume that the cost of adjusting the stock of loans downwards is much greater

12



than the cost of adjusting it upwards—reflecting the idea that calling in or selling loans is more costly
than originating loans.
Gross returns from the bank’s securities holdings is given by:

S
yf = R”sy,

which may be negative if the bank is short-selling securities. The banker’s budget constraint is written
as follows:

C? + b1 + Ser1 +dpr1 = l‘? — \If(bt_H, (_Sbt),
33?+1 = (RL — p)big1 + Orp19(beyr) + RSSt+1 + RPd, ;.

where azi’ denotes the banker’s period t wealth and d;;; the stock of deposits. The bank borrows through
deposits that it receives from the workers, but can also borrow by selling securities to other bankers or
entrepreneurs. For simplicity, we assume the share of deposits received by each bank is exogenous and
follows a four-state first-order Markov Chain (see the Appendix for further details). However, borrowing
from entrepreneurs and other bankers is endogenous and is constrained by capital requirements. Letting
e:+1 denote banks’ equity, the capital requirement may be written as:

et+1 = Xbit1,

which is equivalent to a risk-based capital requirement, giving a zero risk weight to securities. The capital
requirement may in turn be rewritten in terms of securities holdings as (since e;+1 = x? —W(bsy 1, 0b;) —cb):

Si+1 = (X — 1)big1 — dig1.

We also impose a liquidity requirement, in which we assume that cash on hand—which consists
of the return on existing securities holdings, Rs; . 1m and the net revenue from paydowns on existing
loans,db; 1—must be sufficient to satisfy demand for deposit withdrawals under a liquidity stress scenario
and interest payments on deposits. This can be represented as:

RSSH_;[ + Sbt_H = (d{5_171}+ — RDdH_l), (2.3)

where d¢,_; 13+ represents a decline in the stock of deposits (note that d < 0). Since d; follows a Markov
Chain, if in period ¢ the bank is in state s then deposit withdrawals correspond to state {s — 1,1}7.
The stringency of the liquidity requirement is given by the assumption about the relative size of the bad
deposits realization.? It will be calibrated through an assumption of how quickly deposits would run off
in a crisis situation.

Let Ub(H, 0. b, d ) be the optimal value function for a banker with wealth z%, loans b, deposits d’, and
productivity 8. The banker’s optimization problem can be specified in terms of the following dynamic

3When not in a crisis, the deposits runoff will be smaller, and the constraint will not bind.
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programming problem:
(0, zp,b,d) = max u(c’) + BER (23,0, d", 6|0, d], (2.4)
cp,b’ s’
st. e+ b+ +d =x,— VW, 0b),
z) = (RY — ¢,)b +0'g(t') + R®S' + RPd/,
e/ > Xb/7
RS + oY > (d{s_171}+ — RDd,).

\Y

Banker’s capital constraint. The balance sheet constraint of the banker is given by
V+s =xp—c,— @, 60) — d

where the left-hand side of this expression is the banker’s assets, b’ + s’, and the right-hand side is the
banker’s equity, e, = 1 — ¢, — ®(b',6b), and debt, —d’. The capital constraint can be written as

ep = XV
b/+3/+d/>Xb/
d>(Kx-1b -4

Banker’s first-order conditions. The first-order conditions for ¥ and s’ are as follows:

oP(b',b) B Ovy Oz, Oy

H,d’] + (1 =)\ + op

’LLC(C) = 5bE [%%

'
D2y D5’ 9,d:| + A+ pRs

where A is the Lagrange multiplier associated with the capital constraint and yu is the Lagrange multiplier
associated with the liquidity constraint. Note that the envelope conditions are

a?}b .

a—xb = UC(C)

o __, (0)8_<I>
ob T ob”

Using the envelope condition on the set of first-order conditions one obtains:

[1 oDV, b)

+ T] uc(c) = BB [(9'%@’) + R — ¢ — M)Uc@’)

ov

H,d’] + (1= X)X+ op

uc(c) = BB [Rsuc(c’)

H,d’] + A+ uRg

2.2.4. Corporate Sector

In this economy there is also a corporate sector that uses a constant-returns-to-scale Cobb-Douglas
production function, which uses the capital and labor or workers and entrepreneurs as inputs. The
aggregate technology is represented by:

Y, = F(Ky, L),

and aggregate capital, K; is assumed to depreciate at rate §.
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2.2.5. Equilibrium

Definition 1 summarizes the steady-state equilibrium in this economy.

Definition 1. The steady-state equilibrium in this economy is: a value function for the worker, v* (e, %),

for the entrepreneur v®(z, x¢), and for the banker, v°(, xy, b, d’); the worker’s policy functions {c® (¢, %), d* (¢, "), a® (
the entrepreneur’s policy functions {c¢(z,x.), k(z,xe), (2, x.), b°(2,xc),a(z,xc)}; the banker’s policy

functions {(x,b,0,d),

b (xy,0,0,d"), s(xp,b,0,d'),d(xy,b,0,d)}; a constant cross-sectional distribution of worker’s character-

istics, I'y (e, ") with mass n,,; a constant cross-sectional distribution of entrepreneur’s characteristics,

(2, x¢) with mass 1),; a constant cross-sectional distribution of banker’s characteristics, I'y(xy, b, 0, d’),

with mass (1 —n,, — n,); and prices (RP, R, R®, R, w), such that:

1. Given RP, R, and w, the worker’s policy functions solve the worker’s decision problem (2.1).

2. Given R, RY, and w, the entrepreneur’s policy functions solve the entrepreneur’s decision prob-
lem (2.2).

3. Given RP, R, R®, the banker’s policy functions solve the banker’s decision problem (2.4).

4. The loan, securities, and deposit markets clear:
Ne / bdle + (1 —ny, — 1) /bb dl'y, =0, (Loan market)
S=n, / s¢dle + (1 — 1y —1e) / s*dl'y,  (Securities market)
N / d¥dly + (1 —ny, —n.) /db dl'y, = 0. (Deposit market)
5. Corporate sector capital and labor are given by:
K =n, /a“’ dr,,
L= (ny + 1) —ne/ldfe.

6. Given K and L, the factor prices are equal to factor marginal productivities:

R=1+ Fg(K,L) -4,
w = FL(K,L).

7. Given the policy functions of workers, entrepreneurs, and bankers, the probability measures of
workers, I'y,, entrepreneurs, I'., and bankers, I'y, are invariant.
2.3. Calibration

The properties of the model can be evaluated only numerically. We assign functional forms and parameters
values to obtain the solution of the model and conduct comparative statics exercises. We choose one period
in the model to represent one year.
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Table 2.1: Parameter Values Under Baseline Calibration

Parameter Description Value
Workers’ parameters:

B Discount factor 0.96
Y Coefficient of relative risk aversion 2.0
w Weight on consumption 0.97
Pe Persistence of earnings risk 0.80
O Unconditional s.d. of earnings risk 0.16
a Borrowing constraint 0.0
Nw Mass of workers 0.666
Entrepreneurs’ parameters:

Be Discount factor 0.95
Ye Coefficient of relative risk aversion 2.0
0. Persistence of productivity risk 0.70
lo Unconditional s.d. of productivity risk 0.22
K Borrowing constraint 0.50
« Capital share 0.45
v Labor share 0.35
1) Depreciation rate 0.08
e Mass of entrepreneurs 0.333
Bankers’ parameters:

By Discount factor 0.95
Y Coefficient of Relative Risk Aversion 1.0
X Capital requirements 0.06
) Loan maturity 0.24
ay, Curvature of loan revenues 0.75
Po Persistence of shock to loan revenues 0.70
o Unconditional s.d. of shock to loan revenues  0.09
Pd Persistence of shock to deposits 0.80
o4 Unconditional s.d. of shock to deposits 0.15
o Intermediation cost 0.15
v- Adjustment cost for decreasing loans 0.04
vt Adjustment cost for increasing loans 0.02
Corporate sector’s parameters:

Q. Capital share 0.36
O¢ Depreciation rate 0.08

16



2.3.1. Workers’ and entrepreneurs’ problems.

The parameters of the workers’ and entrepreneurs’ problems are fairly standard, with the exception of
the discount factor of entrepreneurs, which is chosen to match the loan rate. The period utility of the
workers is assumed to have the following form:

1_711;

eedy) =0 220 ) 4 (1= ) (),

— Yw

where w is the relative weight on the marginal utility of consumption and deposits and ~,, is the risk
aversion parameter. We set v, to 2, a number often used in representative-agent macroeconomic models.
We set w equal to 0.97 to match the ratio of banking assets relative to output, since this parameter
controls the stock of deposits in our economy. The discount factor of workers is set at 0.96, which is
standard.

We adopt a constant relative risk-aversion (CRRA) specification for the utility function of entrepreneurs:

1—
Ce Ve

]‘_/76‘

u(ce) =

We set v, to 2, close to that of Quadrini (2000). The idiosyncratic earnings process of workers is
first-order Markov with the serial correlation parameter, p., set to 0.80, and the unconditional standard
deviation, o, set to 0.16. Although we lack direct information to calibrate the stochastic process for
entrepreneurs, we make the reasonable assumption that the process should be persistent and consistent
with the evidence provided by Hamilton (2000) and Moskowitz and Vissing-Jergensen (2002) the idiosyn-
cratic risk facing entrepreneurs is larger than the idiosyncratic risk facing workers. Hence, we set the
serial correlation of entrepreneurs to 0.70 and the unconditional standard deviation to 0.22.

As is standard in the business cycle literature, we choose a depreciation rate § of 8 percent for the
entrepreneurial as well as the corporate sector. The degree of decreasing returns to scale for entrepreneurs
is equal to 0.80—slightly less than Cagetti and De Nardi (2006)—with a capital and labor shares of 0.45
and 0.35, respectively. As in Aiyagari (1994) we assume workers are not allowed to have negative assets,
and let the maximum leverage ratio of entrepreneurs to be at about 50 percent, which corresponds to s
set to 0.5.4

The discount factor of entrepreneurs is chosen to match the average loan rate between 1997 and 2012.
Based on bank holding company and call report data the weighted average real interest rate charged on
loans of all types was 4.6 percent. By setting 5, to 0.95 we obtain approximately this calibration.

2.3.2. Bankers’ Problem.

We divide the set of parameters of the bankers’ problem into two parts: (i) parameters set externally,
and (ii) parameters set internally. The parameters set externally are taken directly from outside sources.
These include the loan maturity, §, and the capital constraint parameter, y. In addition, we assume
the banker has log utility to minimize the amount of precautionary savings induced by the occasionally
binding capital constraint. The remaining nine parameters of the banker’s problem are determined so
that a set of nine moments in the model are close to a set of nine moments available in the bank holding
company and commercial bank call reports. The lower panel in Table 2.1 reports the parameter values
assumed in the parametrization of the banker’s problem.

We now describe the parameters set externally. For the capital constraint we assume that the minimum

1Leverage is defined as debt to assets, that is —b/k. At the constraint b = —kk, the maximum leverage in the model is
equal to K = 0.50.
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Table 2.2: Selected Moments

Moment Data  Model
Tier 1 capital ratio 9.3 12.4
Share of constrained banks 0.2 0.3
Leverage ratio 6.9 7.7
Adjusted return-on-assets 3.4 6.0
Cross-sectional volatility of adjusted return-on-assets 1.3 1.3
% Safe assets held by banks 30.8 38.4
Share of interest income in revenues 0.7 0.2
Share of noninterest expenses 2.9 9.2
Return on securities 2.4 3.3
Loan rate 4.6 4.2
Consumption to output 0.7 0.7
Banking assets to output 0.7 0.6
Safe-to-total assets 0.3 0.3
Memo: Deposit rate 0.6 0.6
% Labor in entrepreneurial sector — 37.6
% Labor in corporate sector — 62.4
% Output of entrepreneurial sector — 48.6
% Output of corporate sector — 44.0
% Output of banking sector — 7.5

NOTE: Moments are based on sample averages using quarterly observations between 1997:Q1 and 2012:Q3,
with the exception of the percentage of safe assets held by banks which is only available starting in 2001:Q1,
and averages for share of interest income in revenues and banking assets to output are calculated only for
the period after the fourth quarter of 2008 when investment banks became bank holding companies. The
adjusted return on assets is defined as net income excluding income taxes and salaries and employee benefits.
The percentage of safe assets held by banks includes all assets with a zero and with a 20 percent risk weight.
The deposit rate is a parameter. The sample includes all bank holding companies and commercial banks
that are not part of a BHC, or that are part of a BHC which does not file the Y-9C report. The share of
constrained banks is based on banks’ responses in the Senior Loan Officer Opinion Survey. The safe-asset
share is obtained from Gorton, Lewellen, and Metrick (2012).
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capital requirement in the model is equal to 6 percent, which corresponds to the minimum tier 1 ratio a
bank must maintain to be considered well capitalized. Thus, x equals 0.06. The loan maturity parameter,
J, is set to 0.24 so that the average maturity of loans is 4.2 years based on the maturity buckets available
on banks’ Call Reports.

The parameters set internally—namely the banker’s discount factor, the intermediation cost, the
parameters of the banker’s loan technology, the persistence and standard deviation of the shock to
deposits, and the adjustment cost parameters—are chosen to match a set of nine moments calculated
from regulatory reports. The moments selected are: (i) tier 1 capital ratio, (ii) the fraction of capital
constrained banks, (iii) leverage ratio, (iv) adjusted return-on-assets, (v) the cross-sectional volatility of
adjusted return on assets, (vi) the share of assets with a zero or 20 percent Basel I risk-weight, (vii) the
share of interest income relative to total revenues, (viii) the share of noninterest expenses, and (ix) the
return on securities. The upper panel of Table 2.2 presents a comparison between the data and the model
for this selected set of moments. Given the relatively large number of parameters and that we are solving
the model using nonlinear methods it is difficult to match closely the moments of the model with those
in the data.

As discussed above, the supplies of certain types of safe assets such as U.S. Treasury securities, Agency
debt and municipal bonds are not directly modeled in our framework. We capture the supply of these
assets using the parameter S. We calibrate this parameter using the estimates of the share of safe assets
provided by Gorton, Lewellen, and Metrick (2012). Specifically, that paper estimates that during the
postwar period the safe-asset share has fluctuated between 30 and 35 percent. In the model we define
the safe-asset share as follows. The numerator includes bank deposits, the exogenous amount of safe
assets, S, and the amount of borrowing by banks in the securities market. The denominator includes
all assets in the economy for each of the three types of agents: workers’ deposits and corporate sector
assets; entrepreneurs’ capital and securities; and bankers’ loans and securities. By setting S to 9, we
obtain a safe-asset share of 33 percent in our calibrated model. The solution of the model is obtained via
computational methods and additional details are provided in the Appendix.

2.4. Solution Techniques
2.4.1. Numerical Solution

The numerical algorithm solves the banker’s problem by solving for a fixed point in the consumption
function by time iteration as in Coleman (1990). The policy function ¢;(8, xp, b, d') is approximated using
piecewise bilinear interpolation of the state variables x; and b. The variables z; and b are discretized
in a non-uniformly spaced grid points with 100 nodes each. More grid points are allocated to lower
levels of each state variable. The two stochastic processes, # and d’, are discretized into five and four
states, respectively, using the method proposed by Tauchen (1986). The policy functions of consumption
for workers and entrepreneurs are also solved by time iteration. Because the state space is smaller
the variables z,, and x. are discretized in a non-uniformly spaced grid with 900 nodes. The invariant
distributions of bankers, workers and entrepreneurs are derived by computing the inverse decision rules
on a finer grid than the one used to compute the optimal decision rules. Finally, the equilibrium prices
are determined using a standard quasi-newton method.

2.4.2. Transitional Dynamics

The transition to the new stationary equilibrium is calculated assuming the new steady state is reached
after 60 periods (T' = 60). We take as inputs the steady state distribution of agents in period ¢t = 1 (prior
to the change in policy), guesses for the path of RV RS, and K /L between t = 1 and t = T, and the
optimal decision functions at the new steady state. Using those guesses we solve the problem of each
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agent backwards in time, for t =T — 1,...,1. With the time-series sequence of decision rules for each
agent we simulate the dynamics of the distribution for workers, entrepreneurs and bankers and check if
the loan market, the deposit market and goods market clear. If the these markets are not in equilibrium
we update the path of RY, R and K /L using a simple linear updating rule. Finally, after convergence
of the algorithm, we compare the simulated distribution at 7' = 60, with the steady state distribution of
each agent type obtained after the change in the policy parameters.

2.4.3. Markov Chains

Both the revenue and deposit shocks of the banker follow a first-order Markov process with 5 and 4 states,
respectively. The Markov chain process for the revenue process is as follows.

6 = [0.69;0.83;1.0;1.21; 1.46]

[0.42 0.55 0.03 0.00 0.00
0.05 0.62 0.33 0.00 0.00
I(¢’,0) = {0.00 0.15 0.70 0.15 0.00
0.00 0.00 0.33 0.62 0.05
0.00 0.00 0.03 0.55 0.42

As for the deposit shock process we assume:

d = [0.47;0.78; 1.28; 2.12]

0.75 0.25 0.00 0.00
0.02 0.89 0.09 0.00
0.00 0.09 0.89 0.02
0.00 0.00 0.25 0.75

(d'|d) =
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3. Michael Kiley and Jae Sim: Intermediary Leverage, Macroeconomic Dynamics and
Macroprudential Policy

This appendix provides the description of the structure of the model and the estimation/calibration
strategy used in (Kiley and Sim 2015). Since the focus of the analysis is on the financial intermediary,
the description is more in detail for the sector. However, the description of the other sectors will be very
brief.

3.1. Model Without Pigovian Tax

The model economy consists of (i) a representative household, (ii) a representative firm producing in-
termediate goods, (iii) a continuum of monopolistically competitive retailers, (iv) a representative firm
producing investment goods, and (v) a continuum of financial intermediaries.

3.1.1. The Financial Intermediary Sector

Financial intermediaries fund investment projects by issuing debt and equity securities. Debt is tax-
advantaged and is subject to default, while equity issuance is associated with a sizable issuance cost. We
adopt the following timing convention: a time period is splited into two sub-periods where lending and
borrowing (e.g., asset and liability) decisions have to be made in the first half of the period ¢; idiosyncratic
shocks to the returns of the projects are realized in the second half of the period ¢, at which point lending
and borrowing decisions cannot be reversed (until period ¢ + 1).

3.1.2. Debt Contract

We denote the return on intermediary project by 1 + rﬁrl = e41(1 + rﬁrl), where T{‘}H is the aggre-
gate component and €,41 is the idiosyncratic component. The latter follows a time-varying lognormal
distribution: loge; ~ N(—0.5¢07,07). The time-varying volatility follows,

logoy = (1 —p,)loga + pylogoi—1 + 05vst, Vet ~ N(0,1). (3.1)

We let Fy(-) = F(-|o¢) denote the cdf of € given the realization of ;. We also denote the fraction of blance
sheet asset funded through equity by m;. 1 — m; then represents the faction funded by debts. For each
unit of debt financing, the financial intermediary owes 1+ (1 — TC)TEH, where rﬁ_l is the borrowing rate
and 7. is a flat-rate corporate income tax rate. The intermediary is insolvent when the realized return is
below its debt obligation:

et (14riy) <[+ (1= 7o)y )(1—my).

We define the default threshold shock as

D _ 1+ (1—- TC)TEH
b1 1 —i—r{}H

Using the default threshold, investor’s participation constraint can be expressed as

D
€1 [e'e)
1-— my < Et{Mt,t—l—l |:(1 — 77)/ 6(1 + Tﬁ_l)dﬂ+1(€) + /D (1 — mt)(l + T‘g_l)dFt+1:| } (33)
0 €

t+1

where the default recovery is discounted by a factor 1 — n owing to bankruptcy costs and M; ;41 is the
stochastic discount factor of the representative household.
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3.1.3. Intermediary Equity Finance.

We denote the dividend payouts of the intermediary by D;. When Dy is negative, it should be interpreted
as equity issuance. We express equity-related cash flow »(D;) as

Dy it Dy >0

(D) = { —(1—¢)D; if D; <0 (34)

Note that —(1—¢,)D; < —D; when D; is negative. This implies that the actual cash flow from the equity
issuance of — D is strictly less than —D; owing to equity dilution cost ¢ € (0,1). The dilution cost is a
transfer from old shareholders to new shareholders. In general equilibrium, both are an identical entity.
As a result, investors, as a whole, do not gain from this dilution cost. In the extreme of ¢ = 1, this would
be equivalent to the assumption that the intermediary cannot issue equities. We denote the number of
claims that the intermediary purchases by S; and its unit price by );. The flow of funds constraint for
the intermediary is

QtSt = maX{O, Gt(l + 7’%4) — [1 + (1 — Tc)TtB](l — mt_l)}Qt_lst_l + (1 — mt)QtSt — (Z?(Dt) (35)

We define an equity-financing trigger e as the level of idiosyncratic shock below which financial

intermediary must raise external funds. The shock threshold can be found by setting @(D;) = 0 and
solves (3.5) for ¢, guessing that at this level of shock, the intermediary does not default, i.e., € > eP:

1+ (1 — Tc)'r'tB tht _ 6D n tht
L4 (1+MQi1Si1 "+ (1 +rMQi1Si

(3.6)

Efj = (1 - mt_l)
(3.6) shows that ¢ > ¢ indeed.

3.1.4. Value Maximization

The intermediary problem is presented in two stages. We denote the ex-ante value of the intermediary
by J; prior to the realization of the idiosyncratic shock. We denote the ex-post value V;(N;) after the
realization. Before the realization of the idiosyncratic shock, the intermediary solves

Jo=max  {E{[Dy] + E¢[My1Ef  [Vig1(Nea)]]} ste (3.3) and (3.5) (3.7)

Qtsmmmﬁil

where the expectation operator E¢[] is defined with respect to e. After the realization of the idiosyncratic
shock, the intermediary solves

W(Nt) = InDaX {Dt + Et [Mt’t_l_lz]t_l_l] } s.t. (35) (38)
t

We denote the shadow value of the flow of funds constraint (3.5) by A¢. The FOC for (3.8) is

1 iftD, >0

A= { 1/(1—¢) if D; <0 (3.9)

What matters for the investment problem is not \;, but its expected value E¢[\;]. Using (3.6) and (3.9),
one can evaluate the expected value as

Fy(ef)
1 _

Ef[A] = 1— Fy(ef) + =1+ pF(g)>1, p=—"—. (3.10)
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We define stadardized default and equity issuance thresholds as s, = o Jrll(log el + 0.50%, ) and
55—1 =0, +11 (log eﬂ_l +0.502 1) respectively. The appendix of (Kiley and Sim 2015) derives the FOCs of
problem (3.7) as

QS : 1_Et{Mtt+l 1 [1+7’t+1 (1—mt)[1+(1—70)r£r1]]}, (311)
e B = 01 = B Moo (0= (o) - T2 - 2B )| | (312)
@ (s741) _ E A
€100 =By | My T [+ pe 1 ®(sii0)] ) (A +7i4) (3.13)
P41
¢(sfhy — ouv1) 1 D ¢(sh1) A
+ QtEt{Mt,tJrl [(1 —n) el R <1 — ®(sth) — TH>:| (1+ 7"t+1)}

D
+9(1_mt)Et|:Mt,t+1M Te ]

D
Ot4+1€141 1—71,

where 6, is the shadow value of the constraint (3.3), the intermediary asset pricing kernel is given by

Ef, 1 [At+1] 1+ pd(sE )
MB =M, S e Sid e ' Y4 3.14
tt+1 — t,t+1 Eg[)\t] tt+1 1 _'_M@(stE) ( )
and the modified asset return 1+ 77} | is defined as
[T @8 — o) | e ®(sth) — (s —01) A
1+7A, = oL o(sE (1 +77) (3.15)
1+ p®(s,) (1 =o)L+ pry1P(5141)]

The appendix of (Kiley and Sim 2015) further shows that the analytical solution for (3.15) is given by

L bt O — o) | ey Botiy) - Dotk “t)} -+t (316)
t+1/ .
T+ u(sf) (1= Q1+ 1 ®(5,)] :

1+7’t+1_[

3.1.5. The Rest of the Economy
3.1.6. Production and Investment

There is a competitive industry that produces intermediate goods using a constant returns to scale
technology; without loss of generality, we assume the existence of a representative firm. The firm combines
capital (K') and labor (H) to produce the intermediate goods using a Cobb-Douglas production function,

YM = HE K] (3.17)
where the technology shock follows a Markov process,
loga; = p,logai—1 + oqvat, var ~ N(0,1). (3.18)

The intermediate-goods producer issues state-contingent claims S; to a financial intermediary, and
uses the proceeds to finance capital purchases, Q;K;+1. No arbitrage implies that the price of the state-
contingent claim must be equal to (J; such that QtSt @Q:Kiy1. The firm’s static profit per capital is
determined by the capital share of revenue, i.e., r = (1 — a)PMY;/K; where PM is the relative price of
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the intermediate goods. The aggregate return on asset is given by

1-7)(1—a)PMYy /Ky +[1— (1 —7.)8
Qi1
To endogeneize the price of capital, we introduce a competitive investment-goods industry, which produces
investment goods by combining and consumption goods and undepreciated capital using a quadaratic
adjustment cost of investment, x,/2(I;/I;—1 — 1)?I;_1, where ¥, follows a Markov process,

log x; = (1= py) log X + py log X1 + oy Vs, vyt ~ N(0,1). (3.20)

The optimization condition of the investment-goods firm leads to a well-known investment Euler equation.

3.1.7. Households

The preferences of the representative household is specified as

1 1+
—H (3.21)

= 1
Z s [1—[(0154-8 - th+S—1)1_ﬁf 1] -
s=0 -
where C; is consumption, H; is hours worked, § is the time discount factor, v governes the curvature in
the utility function, h is the external habit and v is the inverse of the Frisch elasticity of labor supply.
Household problem is to optimize over the choices of intermediary bond holdings, intermediary equity
holdings, risk-free nominal bond holdings and labor hours. Of these we skip the static optimizing condition
for hours.
The household invests in a perfectly diversified portfolio of intermediary debts, B; = [[1—m_1(i)]Q—151—1di.
The optimization condition for bond investment leads to the participation constraint (3.3).
The appendix of (Kiley and Sim 2015) shows that the optimization condition of equity investment in
intermediary shares satisfies

Ef,i[max{Dy1,0} + (1 — ;1) min{Dy41,0}] + P,
PP 7

1=F| My 41 (3.22)

where P is the ex-dividend price of an intermediary share. In our symmetric equilibrium, P(i) = P
for all i € [0, 1] because E;[M; ;11 - Ji11] does not depend on intermediary specific variables.”
Finally, the household’s optimizing condition for risk-free bond holding leads to the well known con-
sumption Euler equation:
1 =E; [M 11 ReZy]. (3.23)

We assume that the “risk premium” follows a Markov process,
log=; = p=logZ4—1 + ozvs, v ~ N(0,1). (3.24)

3.1.8. Nominal Rigidity and Monetary Policy

To generate nominal rigidity, we assume that the retailers face a quadratic cost in adjusting their prices
P, (i) given by x?/2 (P,(i)/Pi—1(i) — (ﬁl_“Hf_l))2 Y:, where Y; is the CES aggregate of the differentiated

®In general equilibrium, the existing shareholders and the investors in the new shares are the same entity, the representative
household. Hence, costly equity financing does not create a wealth effect for the household, but affects the aggregate allocation
through the marginal efficiency conditions of the intermediaries.
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products with an elasticity of substitution &, which follows a Markov process,
loge; = (1 —p,)logé + p.logei—1 + 0cvet, vt ~ N(0,1). (3.25)

k is the inflation indexation parameter. The optimal pricing decision leads to a well-known Phillips curve,
which is both backward- and forward looking .
Monetary policy is specified by the following Taylor rule:

O\ (Y, -y \"" [y, \">]' "
S ONC O REON AR
R

where e;* is i.i.d. monetary policy shock.

3.1.9. Fiscal Policy.

The fiscal policy is simply dictated by the period-by-period balanced budget constraint. The revenues for
government come from two sources: corporate income tax of the financial intermediaries and lump sum
tax on households. The proceeds from the corporate income tax are assumed to be transferred back to
the financial intermediaries in a lump sum fashion. We also assume that the distortionary subsidies on
product prices and wages are funded by the lump sum tax on the households. In addition, fluctuations
in government purchases are a source of autonomous demand shocks, as in (Smets and Wouters 2007).

3.2. Pigovian Tax
When the Pigovian tax is introduced, the flow of funds constraint facing the intermediaries becomes
QtSt = max{O, Et(l + 7’24) — [1 + (1 — TC)TtB](l - mt_l)}Qt_lst_l + (1 — T{n)(l - mt)QtSt - (Z?(Dt), (327)

where T} is the lump sum transfer of the proceeds from the leverage taxation. In equilibrium 77*(1 —
my)QSy = Ty, though T; is taken as given by the intermediaries. The default threshold is now given by

1 + (]. - Tc)TtB 1
<ed,=01- . 3.28
€1 < €1 = (1 —my) T+, (3.28)
Following the same steps, one can derive the following efficiency conditions:
1
L1 — B ~A B
Q1S :1=TF, [Mt’”lmt Y —— 1+7h — (1 —m)[l+(1— TC)T‘t+1]]:| (3.29)
T
— e

<I>(3£r1) A
— (L+7{)
I — v H

¢(SBF1 — O¢41) I 1 <1 — @ D ) — ¢(33r1))

St+1
UH_leEH 1—7, Ott1

—[1+ Mt+1<1>(31?+1)]

Etl_)’_l :0= Et {Mt,t—l—l [

+ 0. E; {Mt,t+1 [(1 -n) (1+ 7‘211)}

(3.31)

C SD
+ 6 (1 —my) Ey {Mt,t—l—l T M} .

D
I—7c Ot+1€141
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3.3. Calibration/Estimation of Key Parameters

Our approach involves calibration of certain parameters and estimation of others — we assign parameters
to each category based on the degree to which observed fluctuations in the data are likely to be informative
about parameter values. Our estimation is informed by eight macroeconomic time series. The first six
are among those in (Smets and Wouters 2007), given below.

Change in output per capita = g — 9¢—_1
Change in consumption per capita = ¢ — ¢;_1
Change in investment per capita = 2y — %1
Change in nominal wage per capita = wW; — Wy_1
Change in hours worked per capita = ft — ft_l
GDP price inflation = 7y

Nominal federal funds rate = #;

In each case, lower-case letters refer to the natural logarithm of a variable, and we remove the mean from
the series prior to estimation.

The last two time series used in estimation are data on long-run expected inflation from the Survey
of Professional Forecasters and the excess bond premium from (Gilchrist and Zakrajek 2012), which we
link to the model by:

40
: . 1 .
Expected inflation = 0 E 1 Ey[7te4]
]:

40
. 1 L
Excess bond premium = 20 g 1 B[Ry, — Riqj].
]:

Table 3.1 summarizes the calibrated parameters. Table 3.2 and 3.3 report the key estimated parame-
ters and the variance decomposition implied by the estimation results. Our estimation sample spans the
periods from 1965 to 2008.

26



Table 3.1: Baseline Calibration

Description Calibration
Preferences and production
Time discounting factor B =0.985
Value added share of labor a = 0.600
Depreciation rate 6 =0.025
Financial Frictions
Liquidation cost n = 0.050
Corporate income tax 7. = 0.200
Long run level of uncertainty g =10.030

Table 3.2: Posterior Moments of Key Parameters

Parameter Mean [0.05,0.95]
Preferences
5 1.57 [1.41,1.72]
h 0.37 [0.30, 0.44]
v 0.95 [0.63,1.27]
Financial Friction
? 0.24 0.20,0.28]
X 4.44 [3.76,5.13]
Nominal Rigidities
5 51.69 [41.14, 59.06]
K 0.07 [0.01,0.12]
Monetary Policy
PR 0.72 [0.68,0.75]
Ty 0.02 [—0.01, 0.06]
TAy 0.53 [0.41,0.64]
I 0.72 [0.59, 0.84]

Table 3.3: Variance Decomposition for Observable Variables

Fin. Nat. Rate Tobin’s Tech- Markup Nominal Infl. Auto.

Vol. of Int. Q nology Int. Rate Target Dem.
Ay 2.2 15.5 17.2 3.3 27.0 7.5 0.4 27.0
Ac 10.6 38.0 5.3 5.8 13.3 18.3 0.6 8.0
Aj 11.5 4.0 50.6 1.6 29.1 1.9 1.3 0.1
Ah 1.2 11.8 13.3 27.7 20.2 5.7 0.2 20.0
EBP 41.0 51.7 0.0 0.1 2.2 4.3 0.6 0.0
R 0.1 0.1 0.1 0.0 0.0 0.0 99.7 0.0
1I 0.0 0.0 0.0 0.0 0.1 0.0 99.9 0.0
ET#0 0.0 0.0 0.0 0.0 0.0 0.0 100.0 0.0
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4. Albert Queralto: Banks and Outside Equity

This appendix provides details on the model by Gertler, Kiyotaki, and Queralto (2012) included in
“Macroeconomic Effects of Banking Sector Losses Across Structural Models.” Section 4.1 describes the
agents’ optimization problems. Section 4.2 contains the model’s full set of equilibrium conditions. Section
4.3 describes the calibration of the model parameters.

4.1. Model Setup

4.1.1. Households

The household chooses consumption, labor supply, riskless debt, and outside equity (Ci, L¢, Dy +,€;) to

maximize
= ¢ 1 X 1+ =
E Yt C; —hCry — ——L7 4.1
>0 — - ) (4.1)
subject to
Ci+ Dpy + g6y = Wily + 1y — Ty + ReDpy—1 + [Z + (1 — 0)qi] V€1 (4.2)

Here ¢, is the price of a unit of outside equity, normalized so that each equity is a claim to the future
returns of one unit of the asset that the bank holds. Z; is the flow returns generated by one unit of the
bank’s asset,  is the depreciation rate of capital and v, is the capital quality shock. Thus, the total
payoff at ¢ for a share of outside equity acquired at ¢t — 1 is [Zy + (1 — 9)q¢]),.

Wy is the wage rate, T; is lump-sum taxes, and II; is net profit from both banks and nonfinancial
firms.

4.1.2. Nonfinancial Firms

There are two types of nonfinancial firms: goods producers and capital producers.

4.1.3. Goods Producers
Competitive goods producers use capital K; and labor L; as inputs to produce final goods. They operate
a production function given by

Yi = KeLi™® (4.3)

Good producers purchase capital one period in advance. To finance their capital purchases, they
issue state-contingent securities to banks, at price Q¢ (the price of a unit of physical capital). Then given
capital, in period t firms choose labor to satisfy

Y,

Wy =(1-a)— 4.4
= (1-a)f! (14)
Gross profits per unit of capital, Z;, are then
Y — WLy L\
7, = = 4.
! K “ (Kt> (45)
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Since there are no financial frictions between firms and banks, through perfect competition the (gross)
return on goods firms’ securities is 1, [Z; + (1 — 0)Q¢], and these firms earn zero residual profits state-
by-state.

4.1.4. Capital Producers

Capital producers make new capital goods using final output as input, and are subject to adjustment
costs given by f(I;/I;—1)I;, with f(1) = f’(1) =0 and f”(I;/I;—1) > 0. A capital producer chooses I; to
solve

max Eti;At,T {QT[T — [1 +f <IIT >] IT} (4.6)

T—1

Above, A¢ ; is the household’s discount factor between periods ¢ and 7.

4.1.5. Banks

Each bank raises funds by issuing deposits d; and outside equity to purchase producers’ equity, s;:

Qest = ne + qrey + dy (4.7)

The evolution of a bank’s net worth (or inside equity), n, is

e =[Zi + (1 = 0)Qe] ¥ysi—1 — [Ze + (1 — 8)qu)pyer—1 — Redy—1 — €np—1 (4.8)

Above, ¢ns_1 is a capital transfer which subtracts from the bank’s resources at the beginning of the
period. We assume that the transfer is equal to fraction €; of previous period inside equity n;_1, where
€; is an exogenous stochastic process.

The value of the bank at the end of period ¢ is

‘/t = V(st,xt,nt) = Et Z (1 - O')O'T_tAtJ—TLT (49)
T=t+1

where z; = g;;tt, and o is the banker’s survival probability. After obtaining funds, the banker may

default on its debt and divert a fraction ©(x;) of assets. The incentive constraint for the bank not to
steal is

V(st, zt,m1) > O(24) Q15 (4.10)
The divertable fraction is
O(x:) =6 (1 + exy + gazf) (4.11)

The bank’s problem is to choose assets and outside equity, (s¢, x¢), to maximize (4.9) subject to (4.7),
(4.8) and (4.10). To solve the problem, we first conjecture that the bank’s value function takes the
following form:

Vi(se, me,ne) = (Hoy + Tefte ) Qese + viny (4.12)

where p 4, pt. , and vy are coefficients to be determined, which do not depend on the bank’s individual
state. The Lagrangian for the bank’s problem, L;, is then

L= [(,u&t + :Ilt/L&t) Qtst + I/mt] (1 + /\t) — A0 <1 + exy + gl‘%) (413)
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where \; is the multiplier on (4.10).
As shown in the working paper version of Gertler, Kiyotaki and Queralto (2011), the bank’s optimality
conditions are as follows:

Qist = Py (4.14)
_ Vit 4.15
¢t G(xt) - (Ms,t + ‘Ttﬂe,t) ( )

2 1/2
(ﬁ) L2 <1 _ 6@) (4.16)
:ue,t K :ue,t

1
=z <@> . where 2’ >0 given k> —¢
:ue,t 2

Tt = —@ +
Me,t

with

ve = Ep [App1 Q41 (Reg1 — €441)]
tse = Ee [App1 Qg1 (Re 1 — Ris)]
et = B [Ny 111 (Rep1 — Rey)]
Q1 =1—0+0 [Vig1+ P (Ms,t+1 + xt+1ue,t+1)]
Note that the marginal value of inside equity, v4, includes the term —e;y1, capturing the inside equity

transfer in period ¢t + 1. Above, we have defined the rates of return to nonfinancial firms’ securities and
to banks’ outside equity, Ry ; and R.; respectively, as

Ry = wtw (4.21)
Re,t = wtw (4'22)
qt—1
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4.2. Equilibrium Conditions

I
=C + [1+f< ! >]It (4.23)
I 4
I L o I L \? (i
=1 E; |A = 4.24
Q; = +f<It 1>+It_1f (It_1> ¢ t+1< T, > f 1, (4.24)
QeSt = ¢ Ny (4.25)
Se=L+(1-90)K, (4.26)
K1 =¢85 (4.27)
Niy=o {[Rk,t - Ry — (Re,t - Rt)xt—l] Qt-1St-1 + RtNt—l} + (1 - U)th—lst—l — e Ni_q
(4.28)
1 - ]Et (At+1Rt+1) (429)
0 =E [At1 (Rejp1 — Res)] (4.30)
Ay = plet (4.31)
Ue,t—1
147
= 4.32
¢t 0 (1 +ery + g$t2) - (:us,t + xt:ue,t) ( )
ve = By [Apr1 Q11 (Reg1 — €041))] (4.33)
st = By [Ar 11 (Ri1 — Rt+1)] (4.34)
frep = B¢ [App1Qup1 (Rip1 — Rey)] (4.35)
5 1/2
Ty = _Ns,t + <:u's,t> + 2 <1 o Elu's,t>] (436)
lue,t :ue,t K :ue,t
Q1 =1—0+0 Vg1 + b1 (s 111 + Ter1be i) (4.37)
11—«
o) T+a-0Q
Rk,t = wt (4-38)
Q11
11—«
o (é—i) +(1—=9)q
Rey =y (4.39)
gt—1
(1— a)ﬁum =(Cy —hCy_y — —LH“” XL“” (4.40)
L, = 1+o¢ t
4o | 4o\ |
uC'7t = <Ct th 1 — TL S0> — BhEt <Ct+1 — th ?Lt_,’_f) (441)
Y; = KAL ™ (4.42)

The 20 equilibrium conditions (4.23)-(4.42) determine the 20 endogenous variables Y;, Cy, I, Q+, q¢, ¢y, Nt,
Sty K1, Bity Rety Riv1, T, A, uet, Vi, Pg ps He gy 5 L. The exogenous variables are the capital quality
shock, 1, and the bank capital transfer, e;.

4.3. Calibration

Table 4.1 contains the values assigned to the model’s parameters. We choose conventional values for the
standard preference and technology parameters: v, 3, a,d, x, @, h, and the elasticity of investment to Q.
There are five parameters specific to our model: ¢,&,6, ¢, and k. We set the survival rate of bankers,
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o, to 0.9685, implying that bankers survive for eight years on average. We set the remaining four
parameters to hit four targets. The first three targets involve characteristics of the low risk economy,
which is meant to capture the “Great Moderation” period. In particular, we target an aggregate leverage
ratio (assets to the sum of inside and outside equity) of four, an average credit spread of 100 basis points
annually, and a ratio of outside to inside equity of two thirds. The final target is having the aggregate
leverage ratio fall by a third as the economy moves from low to high risk. The choice of an aggregate
leverage of four represents a first pass attempt to average across sectors with vastly different financial
structures, from housing finance (featuring very large leverage ratios) to other sectors of the economy
where leverage is clearly lower. The target for the spread is based on a rough average of the following
spreads over the Great Moderation period: mortgage rates relative to government bonds rates, BAA
corporate rates versus government bond rates, and commercial paper rates versus T-Bill rates. The
target of outside to inside equity approximates the ratio of common equity to the sum of preferred equity
and subordinate debt in the banking sector prior to the crisis. Finally, the drop in the aggregate leverage
ratio of a third as the economy moves from low to high risk is a rough estimate of what would occur if
the financial system undid the buildup of leverage over the last decade.
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Table 4.1: Calibration

I//f

FODMQ TSR 2 B

0.99
0.33
0.025
0.25
1/3

0.75
0.9685
0.0289

0.264
-1.21
13.41

Risk aversion

Discount factor

Capital Share

Depreciation rate

Utility weight of labor

Inverse Frisch elasticity of labor supply
Inverse elasticity of investment to the price of capital
Habit parameter

Survival rate of bankers

Transfer to entering bankers

Parameter in asset diversion function (1)
Parameter in asset diversion function (2)
Parameter in asset diversion function (3)
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5. Luca Guerrieri and Mohammad Jahan-Parvar: Capital Shortfalls in a Two-Sector
Production Economy

In this appendix we describe the setup of the model by Guerrieri and Jahan-Parvar included in “Macroe-
conomic Effects of Banking Sector Losses Across Structural Models.”

We build the model in layers. We start with a frictionless RBC model, decentralized in a way
that firms operate for only two periods. In the first period they plan and raise equity from households
to buy capital and produce the following period. The next layer puts financial intermediaries between
households and firms introducing the same principal agent problem considered by Gertler and Karadi
(2011). Building up, we show how to introduce a transfer shock from banks to households. Expanding
the one-sector model, we consider an environment in which a fraction of firms can access equity markets
directly, without having to reach them through banks. Finally, we layer on nominal rigidities and
monetary policy.

5.1. Asset pricing in a basic RBC model

5.1.1. Production

The production technology of the representative firm is:
Y, = A KO L (5.1)

Firms operate for only one period, but some of the planning for production is done one period in advance.
To operate capital in period ¢t + 1 a firm must purchase it in period t. To do so, the firm issues shares
in period t. There are as many shares S; as units of capital purchased. By arbitrage, the current value
of capital equals the value of shares. Thus,

QiK1 = QiSy. (5.2)

Let w41 denote the revenue of firms in period ¢ + 1 net of expenses. Revenues include proceeds from
the sale of output as well as from the sale of the undepreciated fraction of capital. Expenses include
obligations connected with the servicing of shares and with the compensation for labor services. Thus,

Tir1 = Yip1 + Qup1(1 = 0) Ky — Wi Lipr — (1 + R ) Q1S (5.3)

At time ¢ the problem of firms is to choose S; and K;;1to maximize the expected profits in period t + 1,
knowing that the firms will be able to choose the optimal quantity of labor in that period. The firm takes
Qt, Qt41, R, 1, and Wiy as given. This maximization problem can be expressed as:

max my41 (5.4)

subject to constraints of the production technology Y; = AthaLi_a and financing Q;Ky+1 = Q4S;. The
solution of maxy, , my11 implies that

Y,
Wi = (1-a Lt“ (5.5)
t+1
Yio
Liyw = (1— 5.6
11 (1-a) Woes (5.6)

under all states of nature. Accordingly, maxg, x,,, F; maxy, 741 collapses to:
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A _
max  EB (A1 Ky “Licf + Qe (1 — 0) K1 — Wi List — (14 Ri1)QSe] +(5.7)
St Kiq1,Le41 At

A A1 KLy
)\lt_i_ltﬁ ct+1 (1 _ Oé) t+1

" Wi — L1 | + At (QiSh. — Qe Ky41) (5.8)

Notice that there is no expectation operator on the Lagrangian multipliers because those constraints hold
under every state of nature.

The problem implies the following conditions:

0 Ae s
- = —Ef an (1+Rf1)Q: +AQr =0 (5.9)
St )\ct
0 Act+1 Y;5+1
= F 1—90 5.10
0Ki11 th Act K+ T Qe ) (5.10)
Yit1
+Azt+1ﬁ Act41 (I-a) ﬂ] — AstQy (5.11)
Wit
9 Act+1 [ Yii1 }
= 11—« - W, + 5.12
OLi+1 g Aot ( )Lt+1 t+1 ( )
Act+1 [ 2 Yip ]
A 11—« -1 5.13
B SWREAE! ( ) Lo Wi (5.13)
Working on S%
Ac
Ast = B ;:1 (1+ R3.,) (5.14)
From —813“
Aetyt [ Y, gt
)\stQt _ Et,@ ct+1 t+1 + Qt+1(1 - 6):| + )\lt+15 Ct+1 (1 - Oé) t+1 (515)
At | Kt+1 Act Wit
Act+1 Acti1 | Y 1 1 O‘I}?H
BB (14 Ry )@ = EB= L+ Qa1 - 5)} + Nit+18 Ct+ (1—a) =" (5.16)
)\ct )\ct K +1 t Wt-i—l
Act+1 Ayt [ 1 Vi Qi+1 Act+1 gttt
ESZL 14+ Ry, = ESS | o 1146 ”}+EA L1 —a) 4517
th Act ( 1) th At Qe Kiq1 ( ) Q1 A 41P Act ( ) Wi )
Next work on 57— L . Again, since (1 — «) EE = Wit
) Actt1 2 Y }
— = l—-a) ——— -1 =0 5.18
0Lty 415 Act ( ) LitiWin (5.18)
Substituting (1 — «) };/ = W41 again in the equation above one can see that
0 )\ct-‘rl
A l—a)-—1] = 1
e = M1 —a) 1] =0 (5.19)
A1 = 0 (5.20)
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Then, combining the implications of %ﬁﬂ =0 and %ﬁﬂ = 0 yields:

Ae i Ae 1 Y
S ) = B ot e 09

We can also think of this equation as determining the demand for capital K;;1 (or loans S;). Remembering

+(1-9) (5.21)

that K1 is in the information set at time ¢, and rearranging:

Ac . Ac 1
K B2 (14 Ry ) = B gt [—aYtH +(1-96) Qt“Km} (5.22)
)\ct )\ct t Qt
Ac s Ae 1
Kyoq B3t [(1 + R — (1—90) Q”l} = E,p2dH! [—aY}H] (5.23)
)\ct Qt /\ct t

Ac
BB [&OZYEH]

Kit1 = ct+1 Qi1
BB [(1+Rt+l) (1_5)T]

(5.24)

Notice that firms will make zero profits under all states of nature (and that’s why we can drop the
expectation operator). Thus,

0=Yer1 + Qri1(1 — ) Kiy1 — WeprLeyr — (1 + R ) Q¢ St (5.25)
(14+ R} 1)Q:St. = Yip1 + Qey1(1 — 0) Kypr — Wip1 L (5.26)
Y, 1—-60)K; 1 —WiiqL
(L+ Ry, = 1+ Qg ( Q)S t+1 t+1 e+ (5.27)
St
Y; 1-90)K, — L
(14 RS, = 2 + Qiy1(1 = 0) K1 — Wi L (5.28)
QK11
Yirt + Qee1(1— 0) Koy — Wit (1 — @) it
(14 Rjyy) = Wit (5.29)
QiK1

1 Oé}/t-i-l (1 - 5)
Q Kt—l—l Q¢

This condition will also imply E;3={+ Ac’f“ (1+R;,,) =Ep A;f; &a}éf:l +(1— 5)%] derived above

(if profits are always zero, it does not matter how you discount them). To interpret the Zero profit

1+ Ri,) =

Qt+1 (5.30)

condition, notice that if ); is the price of capital normalized by the price of consumption, then Q must

be the the capital obtained by giving up one unit of consumption. That quantity of capital ét obtains

ayﬁ“ . After production takes place, the underpreciated portion and can be resold at price

a rental rate
Q:11, so the same quantity of capital & obtains additionally capital gains equal to (1 — §)Q 1. Also
note that because the condition above holds under every state of nature, it can be written as:

1 oYy (1-9)

Qi1 K Q-1

Firms sell their output to households, the government, and to investment goods producers. Conse-

(1+Rf)= Q¢ (5.31)

quently, the resource constraint can be expressed as:

Y; =Ci+ I} + Gy. (5.32)
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5.1.2. Households

A representative household maximizes utility given by

oo
; X 1+¢
E " Nog(Crys — vCiri1) — LT 5.33
Cons DX 5, t;ﬁ [og( t+i — YCrti-1) 14 o t+i (5.33)

In the absence of financial frictions, household buy shares of firms directly. Then, the budget constraint
of households takes the following form:

Co=WiLi — T, —QiSe + 1+ R})Qt—151—1 — By + (1 + Ry—1)Bi—1 (5.34)

There is a riskless government bond B;. In period t households purchase B; of the riskless bond and earn
(1 4+ Ry—1)B¢—1 from previous purchases. Households take R;, Ry, Wy, and T} as given.

5.1.3. Capital-producing firms
The evolution of capital takes the form:
Kt+1 = Itn + (1 - (5) Kt. (535)

Net investment is simply given by:
I' =Ky — (1 -9) K. (5.36)

The production technology for investment involves a quadratic adjustment for current production relative
to past production, thus the supply of investment goods is given by:

Vel 2
I = [1 — % (ﬁ - 1> ] T (5.37)

Capital producing firms solve the problem:

oo 2
¢ (1l
max [ E ; Yy 14 [Qt+i [1 AV -1) |7, -1, (5.38)

t4i t+i—1

In the maximization, @ is taken as given and 1, , is the stochastic discount factor of households who
own the capital producing firms (defined below).

5.1.4. Necessary conditions for an equilibrium

From the side of firms:

Ky =5 (5.39)
Y; = A KO L (5.40)
From the solution of maxy, , ms11:
Y;
Li=(1—0a)—=— 5.41
t=(1-a) W (5.41)

From the zero-profit condition for firms:

o 1 oY (1-9)
(1+Ry) = o % oo Q (5.42)
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From the problem for households:

max
CivisLiti,St+isBiti

U = EY B [log(ct-i-i —VCyi1) — %—ML%L&
i=0

+B"Netri (—Crpi + Wil — Tii — QuyiSei
+(1+ R 1)Qt—1+iSt—14i — Bii + (1 + Ry—14:)Bi—144)

8Ut 1 Y
Y At —Ef—L— =0 5.43
0Cy  Cy—~Ciq ! t60t+1 —Cy (5.43)
oU,
8—Li = —XL; + AWy = 0 (5.44)
oU, s
35, —ActQt + EiBAct1Qi(1+ Ri ) =0 (5.45)
At = EiBrear1(1+ Riyy) (5.46)
v,
' = Aa+ EBrar1(1+R) =0 (5.47)
0By
At = Efhei1(1+ Ry) (5.48)
)\ct-‘rl 1
E = — 5.49
"t B(1+ Ry) (5.49)
Define the stochastic discount factor ¢, ,; as Etﬂ)‘““ = ﬁ.
The evolution of capital takes the form:
Ki = I} + (1 - 6) K, (5.50)
From the maximization problem for capital producing firms:
0o qb Ig ' 2
mgaxEtzwt,Hi [Qtﬂ- [1 -5 <Igt+z ) ] I - IfH] (5.51)
v =0 t+i—1
o ¢ (17 2 Iy Iy
= = Q 1——<——1> —Qup [ —1) = —1 (5.52)
o1} Iy I I
I’
41 Qe 9 < o > ;;21 If s (5.53)
And from the resource constraint:
Y, =Ci+ I7 + Gy. (5.54)

Finally Gy is set as a fixed share of Y; and the Government’s budget is balanced every period.

5.2. Introducing financial constraints following Gertler and Karadi (2011)

The problem of the firms is unchanged, but they are prevented from issuing shares to households directly.
Instead, they need to use financial intermediaries, that are dubbed “banks” and are described below.
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5.2.1. Households

The representative household has a continuum of members. A fraction 1— f of members in this continuum
supplies labor to firms and returns the wage earned to the household. A fraction f of members in the
continuum works as bankers. The consumption of workers and bankers within the household is equalized.
As before, the utility function is:

- 3 X 1+e
=F 1 i — io1) — ——L. T .
Uy t ;ﬁ [ 0g(Crvi — YCiti-1) 14 o t+i (5.55)
However, in this case, the budget constraint takes the form:
Co=WiLi+11; =Ty — Dy + (1 + Ry—1)Dy—1 (5.56)

The term D; represents the amount of deposits with banks (not owned by the household).

Because banks may be financially constrained they have an incentive to retain earnings. To avoid
making the financial constraint irrelevant with i.i.d. probability 1 — 6, a banker exits next period. Upon
exiting, bankers transfer retained earnings back to the households and become workers. Each period
(1 — ) f worker are selected to become bankers. These new bankers receive a startup transfer from the
family. By construction, the fraction of household members in each group is constant over time. Il; is
net funds transferred to the household from its banker members; that is, funds transferred from existing
bankers minus the funds transferred to new bankers.

5.2.2. Banks

Banks lend funds obtained from households to non-financial firms. Let N¢(j) be the amount of wealth —
or net worth — that a banker j has at the end of period t.

Q:St(j) = Ne(J) + Di(4) (5.57)

As noted earlier, deposits D;(j) pay the non-state-contingent return (1 + R;) at time ¢t 4+ 1. Thus Dy(j)
may be thought of as the debt of bank j, and Ny(j) as its capital. As seen above the shares S;(j) earn
the stochastic return (1 + R7, ;) at time ¢ + 1.

Over time, the banker’s equity capital evolves as the difference between earnings on assets and interest
payments on liabilities:

Nit1(j) = (14 R 1)Q:Si(3) — (14 Ri)Dy(3) (5.58)

Dy(j) = QeSi(j) — Ne(j) (5.59)

Niy1(j) = (14 Ri11)QiSe(5) — (14 Ry) (QeSi(j) — Ni(4)) (5.60)
Niy1(j) = [(14 Riy) — (1 + Re)] QeSe(4) + (1 + Re) N () (5.61)
Nis1(j) = (Riy1 — Re) QSi(5) + (14 Ry)Ne(j) (5.62)

Let 9,445 = Bj)‘%;j be the stochastic discount factor between periods ¢ and ¢ + ¢. The banker’s
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objective is to maximize expected terminal wealth, given by:

max Vi(j) = B Y (1= 0) 00y po1 i [(Ri 114y — Rirs) QuyiSii(d) + (1 + Ropa) Newa (5)] (5.63)

st+i(J) =0

Notice that there is an asymmetry between period 0 and all subsequent periods. If a bank has to quit
in periods 0 it does not conduct any operations and revenues are 0. Since the banker will not fund assets
with a discounted return less than the discounted cost of borrowing, for the bank to operate in period
t+1, it must be that: FEi,, 4, (Rj,14; — Regi) >0, ie., there are expected positive excess returns
from holding stocks even after discounting and adjusting for risk through ¢, ,,,,,. In the absence of
financial frictions, when Ey); ;1. (Rf 14— RHZ-) is positive, the bank will want to expand its balance
sheet by attracting additional deposits from households.

To limit the ability of banks to attract deposits indefinetely, consider the following agency problem.
At the beginning of each period, a banker can choose to transfer a fraction A of assets (in period ¢ those
assets equal @;S¢(j)) back to his household. If the banker makes the transfer, depositors will force the
bank into bankruptcy and recover the remaining fraction 1 — A of assets. Thus, households are willing
to make deposits only if the incentive-compatibility constraint is satisfied:

Vi(3) = AQeSe(4)- (5.64)

This constraint says that the expected terminal wealth for period ¢t needs to be at least as large as the
fraction of assets that can be diverted in that period. The left-hand side is the cost of diverting assets,
the right-hand side is the benefit. When the constraint binds, it affects the ability to raise deposits and
will imply expected positive excess returns in equilibrium. Next we show that the ability of the banks to
attract deposits is related to the their net worth. For this purpose, it is useful to separate the recursive
form of net worth into a component that depends on total assets v4(j) and a component that depends on
net worth 7,(7). The form we are after is the following:

Vi(j) = v@QiSi(5) + n:Ne(5) (5.65)
. iSt+i(J .
i) = B (1= 0) byain (Ria = Re) + 01010250 ) (5.00)
Nooi (i
W) = B (1= 0) + Yy pt e () (5.6)
Notice that
Vih) = E Z (1= 0) 0"y g 145 (Ri14s — Reswi) QuiSera(d) (5.68)
i=0
+E; Z (1-0) 9i1/’t,t+1+i(1 + Ri1i)Nevi(J) (5.69)
i=0
Define
w(j) = B ; (1= 0) 00y pprpi (R — Rivi) QgTjﬁU) (5.70)
N 1o pi DN ()
() = B Z (1=0)0"; 94,1+ Rt+l)7Nt(j) (5.71)
i=0
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Then
Vi(3) = ve(5)QeSe(3) + e (5)Ne(5)

(5.72)

Next write v;(j) and 7,(j) recursively. Start by pulling out the first term in each summation

o0 = B0 () G0 +
m() = Ek(l-9)¢%¢+1(14_I%)§25j;_+
g (1= 0) 0"y (1 + Rtﬂ)]\]fvt%(ij(;;)

Now transform the summations so that they start from 0
Ut(j) = Lk (1 - 9) ¢t,t+1 (Rf+1 - Rt)

- ; Qi+1+iSt+1+i(4)
+0 E 1-6)6" (RS o — Riviai '
i:O( ) wt,t+2+ ( t4+24+ t+1+) 015:(7)

n(j) = E(1—0)v (14 Ry) +

oo

Niey1+i(J)

0> (1—6)60%; 4 00(1+ Rija4i) NG)

1=0

. _ ')\ct+j
Express ¢, ,,9,; as a function of ¢, 5,; Remember that ¢, ; = 57=*. Thus,

i At tati _ R241 Act4244 .
g Netr1 and ¢t,t+2+i =0 S Notice that

i Act+2+4i Act+1

hit2+i )\ct )\ct—l-l

B )‘ct-i-l BH—Z’ )\ct+2+i
)\ct )\ct—i-l
= ¢t,t+1¢t+1,t+2+z‘

(5.73)
(5.74)
(5.75)

(5.76)

(5.77)
(5.78)
(5.79)

(5.80)

¢t+1,t+2+i =

(5.81)

(5.82)
(5.83)

Substituting vy ;01 ; = ¥y 141%11 4494 into the last equations for v(j) and for 7,(j), one can see that

v(j) = Er(1—=0)¢; 0 (R, — Re) +

Pran Z (L= 0)0Vryr pyori (Riyopi — Rrsaei) 1St 14i(7)

QeSt(7)

=0
n(J) = E(1—0)9 (14 Ry) +

S i Nit14i(J
004441 Z (L=0) 0"y pp004(1+ Rt+1+i)%j;).
i=0
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But the above equations can also be written as:

v(j) = E(1-0)y, A+ (Rt—i—l )
Qt+15t+1(] S Qey1+iSt+1+4(j)
0)6" i (Rivor; — Riviyq :
T e G Zg Vit irori (Rivors — Revisd) QS ()
n(j) = E(1- )T/ftt+1( Ry) +
Nt+1 N1+ ()
0 0)6" 1+ R i) ——,
Vi 41 z; Yyt il t+1+i) Ner ()
which yields
‘ s Q1514107 ,
v(j) = Er(1—=0)¢ 00 (R — Ri) + 9¢t,t+1g157tzwvt+l(3) (5.88)
+5t(J)
‘ Ni1(4) .
n(j) = E:(1-0) wt,t+1(1 + Ri) + 9¢t,t+1 ]i,%(j)mﬂ(ﬁ, (5.89)
but remember that from the households’ problem E ﬂ’\c’f“ =0 +1Rt)
. s Qi+1514+1(J ,
v(j) = By (1=0)¢ 4 (R — Re) + 0¢t,t+1m7tmvt+l(]) (5.90)
QiSe(4)
. Nit1(4) .
m() = B (1-0)+ 9%,&1%?7&1(])- (5.91)
QED. '
Since all banks have access to the same investment opportunities, Qtéﬁiw will be equalized across

Nip14i(J)
: Net1(7) : L ) . ) )
vy and 7,. Notice that v, and 7, have an interesting interpretation: v; is the expected discounted marginal

gain of expanding assets (Q+S; by one unit holding net worth constant; 7, is the expected discounted value
of having another unit of net worth N¢(j) holding @Q;S; constant. Notice that v is zero in a frictionless
market without the agency problem.

Substituting

all j and similarly for . Consequently, we can drop the dependence on j and simply carry around

Vi(j) = v QeS¢ (3) + n:Ne (5) (5.92)

into the incentive-compatibility constraint

Vi(j) > AQiSi())- (5.93)
one obtains that:
veQeSe(J) + Nt (7) = AQ¢St(4)- (5.94)
When this constraint binds
QiSi(j) = ﬁNt(j) (5.95)

Therefore, is the ratio of assets to equity. This constraint limits the leverage ratio of the interme-

(A v)
diary to the point where the banker’s incentive to cheat is exactly balanced by the costs. Holding N¢(j)
constant, expanding S;(j) raises the banker’s incentive to divert funds. To prove this, I need to show

that 8‘/’5? ; < 8)‘8%1%( ) = \Q,. From

viQeSi(7) + 1 Ni(§) = AQeS:(j)- (5.96)
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given that 7,/V;(j) > 0, it must be that the constraint binds if vy < A. Additionally, we know that if
the constraint binds vy > 0. Hence, for the constraint to bind it must be that A > 0.
Using Q:S:(j) = (/\i—tvt)Nt (j) and the evolution of net worth derived above:

Niw1(j) = (Rip1 — Re) QuSe(5) + (1 + Re)Ni(5) (5.97)
Negt(G) = (Rbo = R) 2o sNil) + (1 + RONG) (5.98)
= (Bl = R) e 4+ (L4 R) | () (5.99)
()\ — Ut)
It also follows that, Nt%(l]()]) conditional on surviving, as used above, is given by:
Nit1(4) s M
— = (R, —R +(1+R 5.100
Nt(]) ( t+1 t) ()\ — Ut) ( t) ( )
In turn, Qtéﬁiw, is given by
. n .
Qtst(j) ()\itvt) Nt(])
i1 n
A—wv. s
= nttH) [(Rt—l—l - Ry) O\ _tv ) +(1 +Rt)] (5.102)
O—ur) t

Consequently, v; and 7, are equalized across all j and evolve according to:

MNt41
)\—’l)t S .
9¢t,t+17( ntﬂ) |:(Rt+l - Ry) Y it + (1 + Rt)] vi1(4) (5.104)
O—vr) (A —w)
s n .
e = Er(1—=0)+0¢,,., [(Rt—i-l - Ry) O —tvt) + (1 + Rt):| N1 (J)- (5.105)

Since 4 /\Tvtlﬂ) is independent of j, one can aggregate across banks to obtain:
N un N
Sit(Hdj = N(5)d 5.106
/Qt t(J)dj /(A o) t(5)dj (5.106)
J J
QS = M N, (5.107)
(/\ — ’Ut)

Finally, recognize that there is a distinction between the net worth of continuing and new bankers.
Aggregate net worth is the sum the two types:Bankers that survive from period ¢ — 1 to period t will
have aggregate net worth equal to:

MNe—1

0 |(Rf — Ri—1) o)

+ (1+ Re—1) | N (5.108)

Assume that new bankers receive as endowment a fixed fraction of the current value of the assets inter-
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mediated by exiting bankers in the previous period, amounting to (1 — 6)Q:S;—1. Assume that the
household transfers the fraction ﬁ of that amount to new bankers. Thus, in the aggregate:
w
Ntn = m (1 — 0) QtSt_l = WQtSt_l (5109)
Then, current net worth is the sum of net worth carried from the previous period by surviving firms
0 [(Rf —Ri1) ()\2)7;1—1) +(1+ Rt_l)} N;_1, plus the net worth of new entrants, w@;S;_1, i.e.:

M—1

Ny =10 [(Rts — Ry 1) [T

+ (1 + Rt—l):| N1+ wQeSi_1. (5.110)

5.3. Introducing transfer shocks between banks and households

Change the prblem of the households to be:

o
_ i X 1+
Ut — Et ; ﬁl |:10g(0t+i - ’70t+i_1) - 1—_i_€Lt+l€:| (5111)
However, in this case, the budget constraint takes the form:
Ct = WtLt + Ht - ,Tt + TtNt — Dt + (1 + Rt—l)Dt—l (5112)

Notice that BT; is a transfer shock from banks back to households in a lump-sum fashion.

5.3.1. Banks

Banks lend funds obtained from households to non-financial firms. Let N;(j) be the amount of wealth —
or net worth — that a banker j has at the end of period t.

Q1St(j) = Ne(j) (1 — 7¢) + D(5) (5.113)

As noted earlier, deposits D;(j) pay the non-state-contingent return (1 + R;) at time ¢t 4+ 1. Thus Dy(j)
may be thought of as the debt of bank j, and N¢(j) as its capital. As seen above the shares S;(j) earn
the stochastic return (1 + R7 ;) at time ¢ + 1.

Over time, the banker’s equity capital evolves as the difference between earnings on assets and interest
payments on liabilities:

Nit1(j) = (14 R 1)Q:Si(3) — (14 Ry)Dy(3) (5.114)

Dy(j) = QuSi(4) — Ni(5) (1 — 74) (5.115)

Nep1(j) = (14 Ri1)QeSi(5) — (14 Ry) (QeSe(d) — Ne(j) (1 — 74)) (5.116)
Nep(G) = [T+ Ri) — (1+ Ry)] QeSe(5) + (1 + R)N:(j) (1 — 74) (5.117)
Nig1(j) = (Ryy — Re) QuSi(j) + (1+ Ry)Ni(j) (1 — 7¢) (5.118)

Let ¢,y = 5]'% be the stochastic discount factor between periods ¢t and t + i. The banker’s
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objective is to maximize expected terminal wealth, given by:

max V;(j) = Ex Z (1=0) 0"y 4115 [(Rip14i — Rigi) QuriSeri(G) + (1 + Rigi) Nt (7) (1 — Te40)]

st+i(J) i—o
(5.119)

Since the banker will not fund assets with a discounted return less than the discounted cost of
borrowing, for the bank to operate in period ¢ +4, it must be that: Eyt, ;4q., (Rf+1+2- — Rt+i) >0, ie.,
there are expected positive excess returns from holding stocks even after discounting and adjusting for
risk through ¢, ;1;,;. In the absence of financial frictions, when Fit, ;. 4; (Ry,1,; — Risi) is positive,
the bank will want to expand its balance sheet by attracting additional deposits from households.

To limit the ability of banks to attract deposits indefinetely, consider the following agency problem.
At the beginning of each period, a banker can choose to transfer a fraction A of assets (in period ¢ those
assets equal Q4S¢(j)) back to his household. If the banker makes the transfer, depositors will force the
bank into bankruptcy and recover the remaining fraction 1 — A of assets. Thus, households are willing
to make deposits only if the incentive-compatibility constraint is satisfied:

Vi(j) = AQ¢S(4)- (5.120)

This constraint says that the expected terminal wealth for period ¢ needs to be at least as large as the
fraction of assets that can be diverted in that period. The left-hand side is the cost of diverting assets,
the right-hand side is the benefit. When the constraint binds, it affects the ability to raise deposits and
will imply expected positive excess returns in equilibrium. Next we show that the ability of the banks to
attract deposits is related to the their net worth. For this purpose, it is useful to separate the recursive
form of net worth into a component that depends on total assets v4(j) and a component that depends on
net worth n,(j).

Notice that

Vi(j) = E Z (1=0)0"pr14: (Rip14; — Revi) QryiSera(d) (5.121)
=0
+E; Y (1=0) 0y pp14i(1+ Resi) Newa (5) (1= To44) (5.122)
i=0
Define
= ; iStvi(J
w(j) = E ; (1-20) elwt,t—i-l—i-i (Rf—l—l—l—i — Rt+i) %257:—]5]) (5.123)
c- . Nigi(§) (1 = Togs
() = Ei Zz:% (1=0) 0" p1145(1 + Regi) Z;tg; El — :S ) (5.124)
Then
Vi(5) = ve(5)QeS5e(5) + (1) Ne(§) (1 = 74) (5.125)
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Next write v;(j) and 7,(j) recursively. Start by pulling out the first term in each summation

S.(i
vi(j) = Er(1—=0)¢ 1 (Riy — Ri) gzgzgj; +
; (1—0)0"Y 1114, (Rf—l-l—l—i - Rt"'i) %157:—]5])
Ne(7) (1 —
nt(j) = Fk (1_0) wt,t+1(1+Rt)%+

v g ' AN () (1 — 7o)
1 (L=0)0"Y 4 144(1 + Regi) N.G) (1 —72)

M

(2

Now transform the summations so that they start from 0
vi(j) = Er(1—=0)% 41 (Riy, — Re)

+0 Z (L= 0) 0"y pyori (Rivays — Regrra) Quir+iSi1+i())

— QeSi(J)
Ut(j) = Lk (1 - 9) 7/’t,t+1(1 + Ry) +
o .
: Niz11i(G) (1= Te4i)
o 1-06)6"y (14 Rpy1yq -
ar ( ) t,t+2+l( t+ +2) Nt(]) (1 — Tt)
Express 9,194, as a function of ¢, ,,9,; Remember that ¢, ; = ﬂj)‘%;j. Thus,
i Ac % i A i 3
ﬁ”’ﬁ and Yy ;104 = 52“%. Notice that
 Act+24i Act+1
rorori = 551+2Mi
)\ct )\ct-‘,-l
_ B)\ct+1 i+ Act+2+i
)\ct )\ct—i-l

= ¢t,t+1¢t+1,t+2+z‘

(5.126)
(5.127)
(5.128)

(5.129)

(5.130)
(5.131)
(5.132)

(5.133)

¢t+1,t+2+i =

(5.134)

(5.135)
(5.136)

Substituting 1y ;1 01; = ¥y 1419111 14944 into the last equations for v(j) and for 7,(j), one can see that

(i) = E:(Q1—=0)¢y . (Ri —Ri) +

3 ' : Qr414iSt41+i(7)
! Z (1= 0) 0'Yy1phori (Ripors — Rigrga) — 2ot

QeSt(7)

=0
(7)) = E(1—0)9 (14 Ry) +

= i Ner1+i(d) (1 = 7o)
Oty 141 ; (L=0) 0"V 14041 + Rig144) t;\}t—(’,—j) = :) :
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But the above equations can also be written as:

v(j) = Ey(1-0), 41 (Rt—i—l )
Qt+lst+1(]) Qi41+iSt41+4(4)
1-0)6" R} - R i -
Obpi1— o S:0) ZZ:;( 0) 0"y 1 sv0vi (Riyoyi t+1+i) Qir1Si())
(i) = B (1- )T/Jtt+1(1+Rt)+

Nex1(j) (1 = Te41) Niy14i(J) (1 — Teg144)

(1—0) "Y1 10401+ Revigs)

TTNG) T ’ NenG) (—rr1) |
which yields
w(i) = Er(1=0)¢y4 (Rl — Re) + Hwt’tﬂ%ﬁ)(j)vtﬂ(j) (5.141)
W) = B0tk B+ 00 e DU ST LG )
but remember that from the households’ problem E. ﬂ’\““ = +1Rt)
ali) = Bi(1=6) e (B - ) + 0000 200 ) (5.143)
i) = B0+ 00 e T ) (5.144)
Qt+15+1()

Since all banks have access to the same investment opportunities,

QtS:(7)
all j and similarly for ]\%177(;) Consequently, we can drop the dependence on j and simply carry around

will be equalized across

v and 7.
Substituting
V(i) = veQeSe(5) + n: N (§) (1 — 7¢) (5.145)

into the incentive-compatibility constraint

Vi(3) = AQeSe(4)- (5.146)
one obtains that:
veQeSt(7) + 1 Ne(G) (1 — 71) > AQeSt(4)- (5.147)
When this constraint binds
QiS5:(j) = LNt(]’) (1—7) (5.148)
()\ — Ut)

Therefore, ()\"tv y is the ratio of assets to equity. This constraint limits the leverage ratio of the inter-

mediary to the point where the banker’s incentive to cheat is exactly balanced by the costs. Next derive

Nit+1(j) and Qt+15t+1(5)
Ne(5) QeSe(d)

Nep1(G) = [(R;’H — Ry) +(1+ Rﬁ] Ne()(1 = 74)

(/\ — ’Ut)

Ni1(J)
Ni(5)

- [(R;’H R itvt) +(1+ Rt)] (1—74)
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Taking the lead of Q:S:(j) = (A - )Nt( J) (1 —7¢) and dividing it by Q;S¢(j), one can see that:

Qi Sny) @ t;;il)NtJrl( J) (L= Te41)
Qtst(j) ()\ Ut)Nt( ) (1 — Tt)
()\m+1 )
— Ui+l s t _
= ﬁ (R — Ry) O— o) + (14 R)| (1 —7¢41)
Accordingly,
v(j) = Er(1=0)¢y 4 (Riy — Ri) (5.149)

Mt4+1

(A—v s
+01), t—i—lﬂ [(Rt+1 — Ry)
(A=)

()\ _tvt) + (1 + Rt):| (1 — Tt-i—l) Ut+1(j) (5150)

W) = Be(1= )+ 0001 | (Rees = RO + (1 RO (0= re) w6151

Since 4 /\Tvtlﬂ) is independent of j, one can aggregate across banks to obtain:

Jasa = [N - rd (5.152)
J

J

Ur
QiSt = Ni(1 —74). 5.153
N =7 (5.153)
Finally, recognize that there is a distinction between the net worth of continuing and new bankers.
Aggregate net worth is the sum the two types:Bankers that survive from period ¢ — 1 to period t will
have aggregate net worth equal to:

Ny
0 [(R — Rim1) — =1~ + (14 Ri1) | Ny (1= 741) (5.154)
()\ — Ut—l)
Assume that new bankers receive as endowment a fixed fraction of the current value of the assets inter-
mediated by exiting bankers in the previous period, amounting to (1 — 6)QyS;—1. Assume that the
household transfers the fraction ﬁ of that amount to new bankers. Thus, in the aggregate:

N = (1= 0)QuSi—1 = wQpSi—1 (5.155)

w
-9
Then, current net worth is the sum of net worth carried from the previous period by surviving firms
0 [(Rf —Ri1) ()\2)7;1—1) +(1+ Rt_l)} N¢—1 (1 —74), plusthe net worth of new entrants, w@;S;—1 (1 — 7¢),
ie.:

N, =0 [(Rf ~ Ry (Aitﬁ F (14 Rt)| Mot (1= 70m1) + wQiSict. (5.156)
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5.4. Introducing Heterogenous Firms

Now suppose that a fraction of firms can access equity markets directly, without having to reach them
through banks. Call the type of such firms u. The other firms have to rely on banks to fund their capital
purchases. Call the type of such firms b. The cost structure of the two types of firms will be different and
their products will have different prices in equilibrium. Both types of firms will coexist in equilibrium
because the final consumption and investment goods are assumed to be a composite of both types of
intermediate goods (possibly in different proportions).

5.4.1. Households

As before, the representative household has a continuum of members. A fraction 1 — f of members
in this continuum supplies labor to firms and returns the wage earned to the household. A fraction f
of members in the continuum works as bankers. The consumption of workers and bankers within the
household is equalized. As before, the utility function is:

Ui = E; Zﬁi |:10g(0t+i —7Citi-1) — %HL{}LE (5.157)
=0

However, in this case, the budget constraint takes the form:
Cy=WiLi + 11, — T}, + Q¢ Sy — (1 + R{")Q¢—1Si 1 + Dy — (1 + Ry—1) Dy (5.158)

The term D, represents the amount of deposits with banks (not owned by the household). R;_; is non-
state contingent. When the price of consumption is chosen to be the numeraire, the interest rate on
deposits is “risk-free” (under other normalization of prices deposits would not insure against the risk of
changes in the price of consumption). The term S}* represents the shares acquired issued by final product
firms that have direct access to equity markets. Shares acquired the previous period pay the risky rate
Rj“.

The division between bankers and workers within the representative family remains unchanged relative
to the setup considered before.

Households allocate consumption between two goods produced by firms of type v and by firms of
type b. The production of final goods takes place through perfectly competitive firms. Their production
technology is:

b l1—a
V= () (V) (5.159)
Each period they minimize the cost of production subject to meeting demand:
byb | pF P op)
min _ PAY+ PPY) + B, (Y - () ) (5.160)
)/tu’y'tb’PtF

We are using the prices of final goods to be the numeraire units, hence the Lagrange multiplier on
the technology of production P/ is set to 1.

FOCs
F F A
P+ P, <—a (¥ (n) > —0
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Ytu
PF
F t
But P =1
1
F
V'=a YtP—tu

5.4.2. Output-Producing Firms

There are two kinds of firms: firms that have direct access to equity markets and firms that have to use
banks for their financing requirements. Both have production technologies

Y] = Ajklenit, (5.161)

where j is either u for the firms that have access to equity markets or b for the firms that have to use
banks. Firms operate for only one period, but some of the planning for production is done one period
in advance. To operate capital in period ¢ + 1 a firm must purchase it in period t. To do so, the firm
issues shares in period ¢. There are as many shares Sg as units of capital purchased. By arbitrage, the
current value of capital equals the value of shares. Thus,

QK] | = Q:S] (5.162)

Let w41 denote the revenue of firms in period t 4+ 1 net of expenses. Revenues include proceeds from
the sale of output as well as from the sale of the undepreciated fraction of capital. Expenses include
obligations connected with the servicing of shares and with the compensation for labor services. Thus,

Ty = PlaYl 4+ Qe (1= 0) K], — Wi L — (1+ RJS)QuS] (5.163)

At time t the problem of firms is to choose Sg and Kgﬂto maximize the expected profits in period ¢ + 1,
knowing that the firms will be able to choose the optimal quantity of labor in that period. The firm takes
Qt, Q11 R{_SH, and Wiy as given. This maximization problem can be expressed as:

max FE; max ], (5.164)
Sthg+1 Li+1

Notice that the equalization of @)y and W, across types of firms arises because of the absence of sector-

specific frictions in physical markets for labor and capital.

At time t the problem of firms is to choose S; and K;1to maximize the expected profits in period
t 4+ 1, knowing that the firms will be able to choose the optimal quantity of labor in that period. The
firm takes Qy, Qiy1, R, 1, and Wiy as given. This maximization problem can be expressed as:

Act+1 j
max F;f3 ;\Jr max y (5.165)
ST KL, ct Liy

subject to constraints of the production technology Y; = A;K/“L] '=® and financing Qthj 1= Q7.
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The solution of max L, ﬂg 41 implies that

Pl Y/
Wiy = (1—q)- Lttt 5.166
+ J
Lt—i—l
PY/
I, = (1—q)-ttiiel 5.167
t+1 ( Wt—l—l ( )

under all states of nature. Accordingly, maxg, x,,, F; maxy,, 71 collapses to:

max Ff—— CtH [P

o, thax A K L + Qe (1— 0K — Wi Ly — (1+ Rt—i—l)QtS(-%'%S)
tNDt41,t41 C

Jl—«a
B Ct+1 (1 Oé) t-‘rlAt“Fth—l—l Lt+1 L 1
lt 1t - Mt
T e Wi

+ N, (QtSt O, t+1> (5.169)

Notice that there is no expectation operator on the Lagrangian multipliers because those constraints hold
under every state of nature.

The problem implies the following conditions:

0 c
5 = ~Bb ;:1(1+Rt+1)Qt+)\stQt:O (5.170)
0 Act+1 Ptl-i-ly;f-i-l
= E 1-9 5.171
0K+ tf Act Ky T Qe ) ( )
J Yy
Act+1 Pl g
A 1—a) ——2t |y 5.172
X B o [( @) Wi st@t ( )
0 Act+1 Pl \Yii
= l—a) —— - W, + 5.173
OLis1 B Aot ( ) Lint t+1 ( )
Act+1 2 PlyYin
B A l—-a)f —/——— -1 5.174
A ( ’ LipaWin ( )
Working on S%
N, =FE, ;”1(1+Rt+1) (5.175)
ct
From —813“
\ \ L piy 0 aPt;HJYt;H
K
E ct+1 1+R B ct+1 P t+1-t+1 + 1-4 t+1 —i—E)\ ct+1 1—a t+1
P05 LR = BASCE g, 7 It Wl e
: Pt+1Yt+1
Next work on 8L . Again, since (1 — «) — = Wit
t+1
0 Act+1 Act+1
= A l—a)—1]= 5.176
5T = B0+ A5 N (1 - ) 2] =0 (5176
Aip1 =0 (5.177)
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Then, combining the implications of %ﬁﬂ =0 and %ﬁﬂ = 0 yields:

Ap1 | 1 PlaYe, Qi+1
E.f 0”1 1+R oY i i il a2 Sk e R 5.178
t c ( t—l—l) t Act Qt Kg+1 ( ) Qt ( )

Notice that firms will make zero profits under all states of nature (and that’s why we can drop the
expectation operator). Thus,

0= P/ Y+ Quni(1= 0Ky — Wi Ly — (14 R)QuS] (5.179)
1 O‘Pt+1Yt+1 (1-9)
(1+ Rt+1) =7 Qt+1 (5.180)
QK Q1

This condition will also imply Etﬁ)‘c’f“( 1+ Rt+1) = E, Bt [iap“lyt“ + (1 —0)9sL| derived

At | Qt K], Q¢

above (if profits are always zero, it does not matter how you discount them).

5.4.3. Capital-producing firms
The evolution of capital takes the form:
Kt+1 - Itn + (1 - (5) Kt. (5181)

Net investment is simply given by:
I' =Ky — (1 —-9) K. (5.182)

The production technology for investment involves a quadratic adjustment for current production relative
to past production, thus the supply of investment goods is given by:

2
I [1 _9 (% - 1> ] b4 (5.183)

Capital producing firms solve the problem:

0o 2
¢ i
1}1gax E; E wt,t—l—i [Qt-‘ri [1 - 5 [gt+ -1 [tg—l—z Ptlf-l-z
é i=0

t4i t+i—1

(5.184)

In the maximization, @ is taken as given and 1, , is the stochastic discount factor of households who
own the capital producing firms (defined below).

5.4.4. Banks

Banks lend funds obtained from households to non-financial firms. Let N;(j) be the amount of wealth —
or net worth — that a banker j has at the end of period t.

Q:S7(7) = Ni(j) + Di(j) (5.185)

As noted earlier, deposits D;(j) pay the non-state-contingent return (1 + R;) at time ¢t 4+ 1. Thus Dy(j)
may be thought of as the debt of bank j, and N,(j) as its capital. As seen above the shares S?(j) earn
the stochastic return (1 + RYY,) at time ¢ + 1.
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Over time, the banker’s equity capital evolves as the difference between earnings on assets and interest
payments on liabilities:

Nev1(j) = (1+ RY)QiSi(5) — (14 Re)Dy(5) (
Di(5) = QuSi(4) — Nie(4) (
Nip1(§) = (14 RYL)QeSi(5) — (14 Re) (QiSi(5) — Ni(5)) (5.188)
Neva () = [(1+ R = (U+ R)| QuSEG) + (1 + R)N()) (
Nevi () = (BE2 - Re) QSEG) + (1 + RON(G) (5.190)
Let ¢, = 5“\%52 be the stochastic discount factor between periods ¢t and ¢ + ¢. The banker’s

objective is to maximize expected terminal wealth, given by:

Slgla(x) Vi(j) = Ey Z (1=0)0"; 111 [(Rfiui - Rt—i—i) QuriSPyi(F) + (1 + Rt—i—i)Nt—i-i(j)} (5.191)
t+i\J i=0

Since the banker will not fund assets with a discounted return less than the discounted cost of borrowing,
for the bank to operate in period ¢ 44, it must be that: E),, 4., (RtSHH — Rt—i—i) >0, i.e., there are
expected positive excess returns from holding stocks even after discounting and adjusting for risk through
¥y 44144+ In the absence of financial frictions, when Ey); 144, (Rf i T RH_Z-) is positive, the bank will
want to expand its balance sheet by attracting additional deposits from households.

To limit the ability of banks to attract deposits indefinitely, now impose the external requirement A

Ni(5) = MQiSP (). (5.192)
Log-linearizing
Ny
A= —— 5.193
LQs (5:199)
As before, then:
1
Nt =0 |:<Ri75 — Rt—l) H + (1 + Rt—l):| Nt—l + thS?_l (5194)
5.5. Introducing Nominal Rigidities
Modify the problem of households to be:
= % X 14€
=F 1 i~ i—1) — =L 1
Up = Ey Zﬁ [Og(CtJr YCt+i-1) T4z t+,} (5.195)

=0

However, in this case, the budget constraint takes the form:

P,Cy = PW,Ly + Py — PT; + P,QuS{ — (1 + R{"“)P,Qi—15y 1 + P.Dy — (1 + Ry—1)P.Dy—1 (5.196)

Note: despite writing the budget constraint in nominal terms we are guaranteeing a real return R;. In
this respect, deposits are akin to indexed bonds.

Consider the first order-condition with respect to deposit holdings:
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AYP — BB (1 + Ryy1) Py = 0

b= Etﬁ/\gﬂ(l + Riy1) Py

ct

Proceed as before, but modify the problem of producing firms.

The production technology of the representative firm is:

Y: = (V) (Y;b) 7% Pirms operate for only one period, but some of the planning for production is
done one period in advance. To operate capital in period ¢ + 1 a firm must purchase it in period t. To
do so, the firm issues shares in period ¢. There are as many shares S; as units of capital purchased. By
arbitrage, the current value of capital equals the value of shares. Thus,

FQiKip1 = PQuSt. (5.197)

Let 41 denote the revenue of firms in period t 4+ 1 net of expenses. Revenues include proceeds from
the sale of output as well as from the sale of the undepreciated fraction of capital. Expenses include
obligations connected with the servicing of shares and with the compensation for labor services. Thus,

Tip1 = 01 Vo1 + Pry1 Qi1 (1 = 0) Koy — PpaWiga L — (1 + 77 1) PiQ4 St (5.198)

At time ¢ the problem of firms is to choose S; and K;;1to maximize the expected profits in period t + 1,
knowing that the firms will be able to choose the optimal quantity of labor in that period. The firm takes
Qt, Qi+1, Rf, 1, and Wiy as given. This maximization problem can be expressed as:

max Fymyyq/; max mpy (5.199)
Stth+1 Lt+1

subject to constraints of the production technology Y; = AthO‘Ltl_a and financing Q; P, K11 = Q+P.S;.
The solution of maxy, , 7441 implies that

Y,
PiiWin = (1-q) % (5.200)
+
Yit1 0t41
L = (1 -« 5.201
i ( ) Wit1 Py ( )

under all states of nature. Accordingly, maxg, r,,, F; maxy,, 71 collapses to:

g e Eymep (i1 A1 Ki1 "L + Pr1Qea (1 — 0) Ky — Pyt Wi Lepr — (1+ 1§11 PQ(S:202)
tht41,t+1
A1 K L o4

—L + As St — QK 5.203
Wit Prot t+1 t (Q1St. — QiKi11) ( )

/\lt+1tmt+1/t (1-a)
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Subject to the modifications above,

nominal rigidities. The conditions for an equilibrium from the side of producing firms are:

From the zero-profit condition:

0=0441Yi41 + Pp1Qir1(1 — 6) K1 — Ppi Wi L1 — (1 +7r841) PQ4 Sy,
(1 +7711)PQeSt. = 041Ye1 + Q1 Pry1(1 — 0)Kyp1r — PrpiWigi Ly

or41Yer1 + Q1 Py (1 — 6) Kyp1 — Py a Wi L

(L+ri) =

PQ1St.
(1+7ri,) = Or41Yer1 + Qe P (1 — 0) K1 — Prpa Wiy i Li
! PQiKir.
(L4 ri) 1Y + @ P (1= 0) Ky = PraWen (1 - @) ICDTtt:V}I//t:l
T =
o PQiKir,
1 aoi 1Y | (1-0)
L+rin) =5 + Pi1Q
( 1) 0, PKin PO, t+1C 41
(1+7d )= 1 aopYip1n B | (1=6) P Oiis
VT Q PKiyy P Q P
(1 + rs ) _ ia0t+1Yt+1 Pt—l—l (1 — 5) Pt+1 Qt .
it Qt P K1 Py Q: P, +
(I4+riy) 1 a1V | (1-9)
P - a P K + Q Qt+1
= t Lp4108¢+1 t
Define ’ .
+r
1+ Ry =g
Py
Accordingly,
1 aoi 1Y | (1-90)
and from above:
Liy1 = (1 Yir1 Ovn1

The problem of the final firms is:

max

Pra(() 535

where

b (f)
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Ey Zwt,t—i-i {1+ 7p) Pryi (f) = o0gi} (1 -

—«
Wit1 P

P o
ress (1) Yis (F )

>‘1>2'

¢
(bP,t = Ep <7TPt—l (f

the derivations follow closely what we had in the absence of

(5.204)
(5.205)

(5.206)

(5.207)

(5.208)

(5.209)

(5.210)

(5.211)

(5.212)

(5.213)

(5.214)



The first order conditions are

Ey

E;

Due to symmetry

- 1+46p

(L) (L= dp (£) Vi (B82)
S {(L+7p) Pi(f) — ot} (1= bpe (f)) Vi g%f))—w—l 1

- 09p(f
—{A+1) P () -} ve (BL2) 7 S

(L+7p) (1= 0p, (D) Vi (BL2) ™

140 PO\ T P
~5 () - 2} (- op () Y (B2) 7 B
f

1+0p
7o, O
i —Yp 1 {1+ 7p) Prr (f) — 0141} Vi <Pt+1(f)> K ¢;l§t+(11”§f) -

(147 (1= 6 (1) ¥ (B0)
{5 (1) + St} (1= 0py (1) Y t(%’[)y#

1+9
3 0¢p(f
A+ ) B () - o vi (B2) 7 Spad

146
t T 0 t
i _¢t,t+1 {(1—|—Tp) Pt+1 (f)_o-t+1}}/1€+1 <P+1(f)> Op ¢;]73;E]1¢'§f) |

Pii1

H{(1=55) Qe+ St} (- one () (FH2)

" 9gp,(f
A+ ) - o} v (BL) T Gppeld)
+
2 99p i1 (f
~Prip1 {1+ 7p) Prpr (f) = 041} Yign <Pljtl+(1f)> ;Pf(}g :

- 140p

_%(1—1- Tp) + =g 1+€p Pft ]( ¢Pt(f)) t(ﬂ}%f))_ "

1+9
3 0¢p(f
A+ ) B () - o i (BL) % S

1+6p
t T Odpy
_¢t,t+1 {(1+Tp)Pt+1 (f)_o-t+1}}/1€+1 <P+1(f)> Op ¢;]73;E]10§f) |

Pii1

1+0 o
{—é(l‘FTp)‘F Zp” t] (1—9py) Vi
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with the adjustment costs

bpy = ¢p< Pt(f))_1>2

’ 2 \nP_, (f
9ps _ 5 ( P (f) 1> 1
b PATP1(f) TP 1 (f
9ps  _ _ < P(f) 1> P (f) 1
OP 1 (f) PAmP-1(f) Th—1 (f) P (f)

or

ope = 2(T-1)

2\
3¢P,t o Tt Tt
op, 1! & <? a 1) 3
8¢P,t . Tt Tt
ap .t T (? -1) Ea

As a small detour, let’s map the parameter ¢, into the parameterization of sticky price contracts
following the Calvo scheme.

U _o
Let #t; = m; — 7. Let 6; = 4. But notice that with P = 1, in our model o = 1 (since we impose
P
% _o
Tp = 0p), so 6y = Lt = % -5 = % — 1. Standard results are that, under Calvo contracts, the

Z
first-order approximation of the firms’ pricing equation yields:

7y = BRtgy1 + Kpot

(A-p9)(1-&)
5

where k), = , where 1 — £ is the probability that a firm will be allowed to reoptimize its price.

Now, consider the pricing condition for Rotemberg contracts:

1+6
[_% (1+ Tp) + Jép”%] (1 - ¢P7t) Y;
2 {0t g vie, (2 -1
Yoo {1+ 7p) = H2 P Ving, (22— 1) 2y

, with P = 1 in steady state. Using the first-order Taylor series expansion around the steady-states m
and o, we find:

140,
-~

But remembering 7, = 6,

0 Yo, —[(147p) — ol Yo,m + B[(1+7p) — 0] Y, ite11

149,

0 a,

Yo, —[1+6,) —ol Yo, +B[(1+0,) — 0] Yo,
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Remembering that 0 = 1 in steady state:

. . 1+0,.,.
0pY o7t = BOY ¢pTrisn + 7 LY 6
»
. . 1+6,.
7t = Bler1 + z—pfft-
0p%p
R . e—1)e.
T = Bley1 + ) Ot.
P
Matching the coefficients on marginal costs from Calvo and Rotemberg contracts, we obtain ;‘;"P = Kp
or »Pp
146
pr = 02 5 :
php

Finally, monetary policy is set according to a interest rate reaction function of the following form:

Ry = ¢p(Ri—1 — R) + (1 — ¢) (¢ — pi)

5.6. Calibration

The share of output devoted to government spending is 20%. The fraction of time spent working is 0.5 in
steady state. Following Gertler and Karadi, the parameter 6 is set to deliver an expected duration of a
banker’s assignment of 35 quarters. The steady-state loan-to-equity ratio is set to 4 and the steady-state
spread is 0.5%, or 2% when annualized. These latter two steady-state choices are achieved by setting
A to 0.60 and w to 0.0011. The persistence of the transfer shock to households is 0.9. All the other
calibrated parameters are shown in the table below.
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Table 5.1: Calibration

Parameter  Description Sector

a=0.33 Share of capital in production Production

p=0.95 Autoregressive coefficient of the productivity growth process

0 =0.025 Capital depreciation rate Capital producing firms
¢=15 Investment adjustment coefficient Capital producing firms
5 =0.99 Household subjective discount factor Households

v =0.82 Habit persistence parameter

e =1.00 Inverse Frisch elasticity of labor supply

0 =0.97 Expected number of periods as banker = 30 Banks

afp = 0.60 Share of bank-financed firms

§p =0.88 Coeflicient of average contract duration

6, =0.1 Steady-state markup Nominal rigidities

§, =0.88 Calvo probability of not-adjusting price

¢op =0.7 Interest rate smoothing Monetary Policy Rule
Or =3 Weight on inflation
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